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Abstract 

We consider a system of N pairwise interacting particles described by the Hamiltonian H, where 
aess{H) = [0,cxd) and none of the particle pairs has a zero energy resonance. The pair potentials 
are allowed to take both signs and obey certain restrictions regarding the fall off. It is proved 
that if > 4 and none of the Hamiltonians corresponding to the subsystems containing N — 2 
or less particles has an eigenvalue equal to zero then H has a finite number of negative energy 
p ^ bound states. This result provides a positive proof to a long-standing conjecture of Amado and 

Greenwood stating that four bosons with an empty negative continuous spectrum have at most a 
finite number of negative energy bound states. Additionally, we give a short proof to the theorem 
of Vugal'ter and Zhislin on the finiteness of the discrete spectrum and pose a conjecture regarding 
the existence of the "true" four-body Efimov effect. 
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I. INTRODUCTION 

In 1970 V. Efimov predicted [ij] a remarkable and counterintuitive phenomenon now called 
the Efimov effect, which can be stated as follows. If the negative continuous spectrum of a 
three-particle Hamiltonian H is empty but at least two of the particle pairs have a resonance 
at zero energy then H has an infinite number of negative energy bound states. Thereby the 
pair-interactions' range can be finite. This effect was in striking contradiction with the 
general knowledge of that time saying that an infinite number of bound states can only be 
produced by long-range interactions. The first sketch of mathematical proof of the Efimov 
effect was done by L. D. Faddeev shortly after V. Efimov told him about his discovery j^. 
The first published proof, which was not mathematically fiawless, appeared in Later 
3. R. Yafaev basing on the Faddeev's idea presented a complete mathematical proof; in 
SKZl one finds other proofs by different methods. The original Faddeev's argument and his 
derivation of the discrete spectrum asymptotics in the case of three identical particles can 



be found in 



in js]. 



The spectral asymptotics for particles with unequal masses was analyzed 
in {9]. In 10 1 the author claimed having generalized the result in {4, 9 1 to the case of three 



clusters but the proof in 10| contains a mistake 11| 



After the Efimov effect was proved to exist in the three-particle case the researchers had 
an eye on its most straightforward generalization, namely, the case of four bosons with an 
empty negative continuous spectrum. Amado and Greenwood in [12] claimed having proved 
that the Efimov effect is impossible for > 4 bosons. For four bosons their prediction 
later got numerical confirmation, see f. e. "jisl. This showed that somehow the Efimov 



effect appeared to be possible only for three bosons, not more not less. The "proof" in [12 1 
is invalid: the authors make various unclear and ungrounded assumptions (in particular, 
one could question the validity of the expansion Eq. (10), where somehow i? 7^ 0, or the 
finiteness of the nominator in Eg. 6 in [l2|, etc.). The reader should also be warned against 
the misused terminology in jsl, [l2|, where the authors use the term "zero energy bound 
states" both for zero energy resonances and states, which may lead to a controversy 
already in the three-particle case [isj]. The aim of the present paper is to give a correct 
mathematical proof to the Amado-Greenwood's conjecture. For a more detailed explanation 
of our result we refer the reader to Sec 



In a series of papers (in particular, see 18|-|20|) Vugal'ter and Zhislin using the variational 



approach derived several theorems concerning the finiteness of the discrete spectrum of 
Schrodinger operators. Apphed to systems, where subsystems niay have virtual levels, their 



results are the most advanced ones so far. In Theorem 1.3 in [18[ these authors prove the 
following: suppose that the system of particles is described by the Hamiltonian H with 
aess{H) = [0,00). Suppose also that the particles can be partitioned into two clusters Ci 
and C2 in such a way that any subsystem having the particles both from Ci and C2 does 
not have a virtual level at zero energy. Then H has at most a finite number of negative 
eigenvalues. Note, that subsystems having the particles only from Ci (or equivalently only 
from C2) are allowed to have virtual levels! Already in [4] as a byproduct of the main result 
one finds the proof that if A^ = 3 and at most one particle pair has a zero energy resonance 
then the number of negative energy levels is finite. In that sense one can view the theorem 
of Vugal'ter and Zhislin as a generalization of Yafaev's result regarding the finiteness of 

its 



the discrete spectrum to A^ > 4. The proof of Theorem 1.3 in pLSj is rather involved 



21| helps only a little since the method is practically the same as in 



18| 



simplification in 

but various results from 18l420l| are cited without a proof). Sec. [TTl of this paper contains 
a relatively simple proof of Theorem [H which implies the theorem of Vugal'ter and Zhislin 
restricted to the class of potentials considered here. Our proof uses the Birman-Schwinger 
BS) principle and we believe that it contributes to a better understanding of the results in 



18| 



The Amado-Greenwood's conjecture [12] that is most interesting from a physics point of 
view is not covered by the results of Vugal'ter and Zhislin. Here one can mention two sorts 
of arising difficulties. One is, quoting Zhislin, a lack of information on the near-threshold 
resolvent behavior of the N-body system for A^ > 3. Another difficulty appears if one 
tries to extend Yafaev's analysis to the case A^ > 4. Namely, in ^ the eigenvalues were 
"counted" using symmetrized Faddeev equations, which have a compact kernel away from 
the resonances. In the case A^ > 4 Faddeev equations seize being compact, which is a known 
problem 



23] . Their exists a generalization in form of Faddeev- Yakubovsky equations 
8|, 2^, but it is not at all obvious how one can adopt Faddeev- Yakubovsky equations to the 
purpose of counting eigenvalues. 

In our proof of the Amado-Greenwood's conjecture we use an approach, which is in 
the spirit of 1^]. We reduce the problem to the analysis of the spectrum of an integral 
operator, which arises after successively applying A^ times the BS principle. In distinction 



from 



9| , where integral equations had a 3 x 3 matrix form, the resulting integral equation 
in our approach is written in one line; this equation is subsequently used for counting 
eigenvalues. One should also mention the main difference between the cases of 3 and 4 
identical particles. In the case of = 3 the two-particle subsystems have at most a zero 
energy resonance but cannot have a zero energy state. On the contrary, for N = 4 the 
3-particle subsystems may have square integrable zero energy bound states jisl. These 



zero energy three-body ground states have a power fall-off, the most trivial lower bound [15 1 
being |'?/'o(3;)| > (1 + l^^l)"*^, where x G M^. The hard part of the proof is to show that these 
states fall off rapidly enough in order not to produce an infinite number of bound states. 
The presence of a bound state at zero energy also affects the dependence of the energy on 



25 



35| and shapes the low-energy behavior of 



the coupling constant near the threshold 
the resolvent. 

The paper is organized as follows. In Sec. |TT] we prove Theorem [H which implies The- 
orem 1.3 in main theorem and an intriguing 
conjecture concerning the existence of the true four-body Efimov effect. Sec. HV] deals with 
the situation when the N-particle system is at critical coupling (for the definition of critical 
coupling, see [l6|). The results of Sec. HV] are then applied to the subsystems contain- 
ing — 1 particles in Sec. |Vl where we prove the Amado-Greenwood's conjecture. The 



Appendix reviews the BS principle, thereby, we extensively use the results from 35 |. 



Here are some of the notations used in the paper. We define IR+ := {x G ]R|x > 0} 
and Z+ := {n G Z|n > 0}, where M, Z are reals and integers respectively. The function 
Xr '■ IR+ — IR+ for i? > is such that X-r(^) = 1 fo^' r < R and Xr{^) = otherwise. For 
f : M" — )■ M the positive and negative parts are v± := max[±f , 0] so that v = Vj^ — v^. For a 



self-adjoint operator A following |26| we denote #(evs(A) > A) the number of eigenvalues of 
A (counting multiplicities) larger than A G M. In the case when cTess (A) fl (A, oo) 7^ we set by 
definition 4i^{evs{A) > A) = 00. The versions of this definition using other relation symbols 
like < , > , < are self-explanatory. The linear space of bounded operators on a Hilbert space 
"H is always denoted as ^("H). For a self-adjoint operator A the notation A ^ means that 
there exists /o G D{A) such that (/o,v4/o) < 0. || Allies' denotes the Hilbert-Schmidt norm 
of the Hilbert-Schmidt operator A. The notation / G L^(]R") means that / : M" — > C is a 
bounded Borel function going to zero at infinity. 



II. THEOREM OF VUGAL'TER AND ZHISLIN 



We consider the Schrodinger operator of particles in 



H 



(1) 



l<i<j<Af 

where Hq is the kinetic energy operator with the center of mass removed and Vij are operators 
of multiphcation by fjj(rj — r^). Here and further rj G and G ]R+/{0} always denote 
particle position vectors and masses. For pair-interactions we shall require (throughout this 
section) that {vij)+ G L'^{M?) + L^XR^) and {vij)- G L^{M?)r\L^/'^-''{m?), where a G (0, 1/2). 



By the Kato-Rellich theorem [281, l29| if is self-adjoint on DiHQ]= H 



(the symbol 'h? denotes the corresponding Sobolev space 28|, |30|). The conditions on pair- 
interactions guarantee that for all 7 G [0,a(3 — 2a)~^] there is a constant G IR+ such 
that 



/ 



K(r))„K(r'))_ ,3 . ; 



I lyf I 2 — 8'7 



1/2 



< (1<«<J<A^), 



(2) 



whereby the constant can be determined from the^Hardy-Littlewood-Sobolev inequality 
30(1 . Incidentally, Cq is the Rollnik norm of {vij) _ [27] . 

Suppose all particles are partitioned into two non-empty clusters and £2 each con- 
taining and ^^€2 particles respectively. Then we can write 



- 



(3) 
(4) 



iee:2 



where /ic^ca is the Hamiltonian of internal motion in the clusters, i? G is a vector pointing 
from the center of mass of £1 to the center of mass of ^2 (for convenience we set in ([3]) the 
coefficient in front of the Laplace operator equal to unity). V^^,^^ (resp. V'^r^J are the sums 
of positive (resp. negative) parts of interactions between the clusters. For each partition we 
define 



H{\) := /i,,,, - + - Ar-,^ (A > 1), 



(5) 
(6) 



where, clearly, H = H{1). Our aim in this section is to prove the following 
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Theorem 1. Let H he defined as in (Qp. Suppose that there exists a partition into two 
clusters Ci_2 and Aq > 1 such that Ethri^o) = inf cress(i^), where Ethr{\) is defined in 
Then #(evs {H) < inf aess{H)) < oo. 

The proof would be given later in this section, where at the end we would also demonstrate 
that in the case when inf aess{H) = Theorem 1.3 in 18| (restricted to the class of potentials 
discussed here) follows from Theorem [TJ 

Let us introduce the following operator function 



(7) 



where 7 > 0, e > and for a shorter notation we set 



:= (Ve. - EtKriX)) - + V^^^. (8) 
The relevant properties of .0(7, e) are established in the following two lemmas. 
Lemma 1. For all 7 G [0, a;(3 — 2q;)~^] 



:= sup ||-D(7, e) II < 00 

e>0 



(9) 



Proof. Note that for a self-adjoint operator A>0 and e,p > we have 

POO 

(A + e)-P = [pT{p)]-^ / exp{-t^/^{A + e)}dt, (10) 

Jo 

where the integral is to be understood in the strong sense. Eq. ( |TOl) can be easily verified 
using the spectral theorem. Therefore, for any / G L^(]R^^~^),7 > 

poo 2 

(i7^ + e)"'/'"7 = [(l/2 + 7)r(l/2 + 7)]-' / exp{-t^ {H^ + e)}fdt (11) 

^0 



The operator under the integral is positivity preserving [3l|, which allows us to write 

POO 

{H^ + e)-"^-^f < [(l/2 + 7)r(l/2 + 7)]"W exY>{-t^ {H^ + e)}\f\dt (12) 

^0 

By the Lie-Trotter product formula (see Sec. VIII of vol. 1 in 33|) 

n— >oo \ / 

where H'^ := (/ic^Cj — Ethr{l)) — A^. This gives us the inequality 



-1/2-7 



I/I- 



(14) 



Hence, 



< sup 



e>0 



,1/2 



sup 

e>0 



1-27 



,1/2 



1/2 



By the spectral theorem 



(15) 



-1-27 



(16) 



(here we benefit from the fact that [/i^iCj, — ^_r] = 0). Using flTB]) we get from f lT^ 



< sup 



e>0 



1-27 . 



,1/2 



sup 

e>0 



< (#C:i)(#e:2) max sup {v.jY^^-Ar + e) ' "^v,,)' 



-1/2-7 



-1-27/ \l/2 



(17) 



are 



Note that for i G G C!:2 we can write Vj — Vi = R + '^k'l^k'^^Xk, where m^*"''* 

real coefficients depending on masses and G for k = 1, . . . , N — 2 are intercluster 
coordinates. (It is easy to see that the coefficient in front of R is always 1 by fixing all \xk\ 
and taking \R\ ^ 1). Thus we can trivially estimate the norm on the rhs of ( fTTl) 

{v,^y/\-An + e)-'-''{v,,y!'f < J {v,j{R))_G'^{e;R-R'){v,,{R'))_d'Rd'R', (18) 
where G^{e\R — R') is the integral kernel of the operator {^—Ar + e) ^ on L^(]R'^), which 



is positive 



31 



. Usi ng ( ITUj) and the formula on p. 59 in 33|, vol. II (c.f . the formula on 



the top of page 262 in 3J|) this integral kernel can be written as 



G^(e; R) = {Att)-^%T{p)]-^ / t'^ exp{-etp - 2-'^\R\h-p}dt 

Jo 



-1 8p2 



'2p foo 



y-P+2e-y 



2-2pr(3/2-j9) 1 



(19) 



|/?|3-2P 7o ^ ^ 7r3/2r(p) |i?|3-2p 

where p = (I+27) and in the integral we used the substitution y = |-Rp/ (At^^^). Substituting 
this upper bound into (fT8|) and using ([2]) finishes the proof. □ 



Let us remark that 



sup 

e>0 



< 00. 



(20) 



Eq. (120|) follows from the proof of Lemma [T] since for all 1 < 2 < j < 



sup 

e>0 



(t;,,(r))_(-A, + e)"^ 



< oo, 



(21) 



where the norm on the rhs is that of L'^(R^). To check that (EI]) holds note that (-A^ + 
e)-i/2j = h* f for any f e L'^{R^), where by ([19]) 

1 r ... 1 



< . 21 12 

By the Sobolev's inequality (eq. (4.2) in j45|) 

KW)_(-Ar + e)"^ 



e ^dy 



(22) 



< 



37r2 



2/3 



(23) 



(for an estimation of the constant C3 see f. e. [30|, where this inequality is called the weak 
Young inequality). 

Lemma 2. The function D{0,e) is norm-continuous for e > and has a norm limit for 
e ^ +0. 

Proof. D{0,e) is uniformly norm-bounded for e > by Lemma [H Below we prove the 
following inequality 



p(0,e2)-Z^(0,ei)|| < 



(for ei,2 > 0), 



(24) 



/ r 1 ^ 1/2-70 
(max{ei,e2|j 

where 70 := a(3 — 2a)~^ and A^^ is defined in Lemma [H From fl2^ it follows that the norm 
limit D{0,0) := \im^^^QD{0,e) exists because it is a norm-limit of a Cauchy sequence (the 
norm-continuity is also a trivial consequence of (12^). For £2 > ei > we can write 



D{0,e,)-D{0,e2) 



+ 62) - [H.^ + 61) [H^ + ei) [H^ + 62) (l^,7,J 

(25) 

The following inequality for / G D{Hq) is a trivial consequence of the spectral theorem 



1/2 



f 



< |e2 - ei 



1/2 



By the same reasons 



-1/2+70 1 



< |e2| 



"1/2+70 



(26) 



(27) 
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Thus from (|25 



1/2 I ^1-1/2+70 



11^(0,62) -/^(0,ei)|| < |e2-eir/1e2 
For the norm on the rhs we can write 

,-1/2 



{H^ + e,y'^\R^ + e,r^ {V,~,y' . (28) 



1/2 



,1/2 



< 



1-270 , 



,1/2 



{H^+^^r^'-''{v,^.r'' '<Ko- (29) 



1/2 



where we used the inequahty (if^ + €2) ^" < (Huj + ei) which again follows from the 
spectral theorem. Now IHM follows from (1281) and ( l29l) . 



□ 



The following lemma is trivial. 



Lemma 3. Let A be a Hilbert-Schmidt operator on a Hilbert space T-L. Suppose there is 
(5 > and an orthonormal set (pi, G "H such that \{!fi,A(fi)\ > 6 for i = 1, . . . ,n. 

Then n < \\A\\ls/6^. 



Proof. From Lemma's conditions it follows that 

52 < \{^i,A^i)\^ < \\A^if = {^i,A*A^,) 
From the last inequality it follows that 

n 

n6^ < ^(<^i,AM(^i) < PI 



(30) 



2 

HS- 



i=l 



(31) 
□ 



Now we pass to the 



Proof of TheoremUl The Hamiltonian in (jS]) has the form H{X) = — AV^-^^-^. Before we 

1 

apply Theorem [9]we need to verify its conditions. Note that DiV^^^^) 3 D{Hw) due to f l20|) 
(see a first Remark in Sec. |A]). Besides, H^j + fiV^^^i^^ is self-adjoint on D{Hq) = D{Hyj) for 
all /i G [0, 00). 

The associated BS operator for e > is given by 



K{e) = {H^ + e) [H^ + e) = D{0, e)D*{0, e). 



1/2 



(32) 



From Lemmas [T], [2] it follows that K{e) is norm-continuous on [0, oo). Using that aess {H{Xo)) 
[Ethr{^),oo) and Theorem [9] we conclude that 



ex. 



,(ir(e))n(Ao\oo)=0 (33) 



32| (|33|) holds also for e = 0. Hence, due to Aq > 1 there must 



for e > 0. By Theorem 9.5 in 
exist 6 > such that 

K{0) < 1 - 2(5 + C, (34) 

where C is a finite rank operator. Now let us assume by contradiction that #(evs {H{1)) < 
Ethr{^)) is infinite. Then by the BS principle 

hm^#(evs {K{e)) > l) ^ oo. (35) 

By continuity arguments from fl35|) it follows that for any n = 1,2,... one can find an 
orthonormal set ipi,ip2, ■ ■ ■ y'^Pn ^ L^(]R^^~^) such that 



{i:i,K{0)iJi)>l-6 (2 = l,2,...,n). (36) 

Then flMl) gives 

{^i,Ci^i)>5 {t = l,2,...,n). (37) 

By Lemma [3] n < which contradicts n being arbitrary positive integer. □ 



Let us briefly show that Theorem 1.3 in |l^ follows from Theorem [H Suppose that 
di C {1, . . . , A^} and d2 C {1, . . . , A^} are two nonempty disjoint clusters. Similar to (l5])-(l6]) 
the Hamiltonian of the subsystem di U d2 can be written as 

H,,,,{X) := h,,,, - A,,, + V+,^ - XV,-,^, (38) 

where ri2 G M'^ points from the center of mass of di in the direction to the center of mass 
of d2', the scale is chosen so as to make f l38p hold. The meaning of other notations is clear 
from (ED-dH). The Hamiltonian ([38]) acts on L^{W), where n = 3((#c/i) + (#^2) - l). 
Putting aside the comparison of restrictions on the potentials. Theorem 1.3 in [18^ can be 
equivalently reformulated as follows 

Theorem 2 (S. Vugal'ter and G. Zhislin 1986). Suppose the Hamiltonian in (QP is such 
that aess{H) = [0, 00). Suppose also that all particles can be partitioned in two clusters €1^2 

10 



in such a way that for all subsystems di U d2 such that di C (ti, d2 ^ ^2 CLnd + 
(#(^2) ^ N — 1, the Hamiltonian Hd^d2{^) does not have a virtual level at zero energy. Then 
#(evs {H) < 0) < cx). 

Proof. We need to show that the conditions of Theorem [T] are fulfilled. We would say that 
the subsystem di\Jd2 is at critical coupling; if Hd^d2{^) > and 1/^1^2(1 +e) ^ for e > (this 



is different from the Definition 1 in 16|; for the definition of virtual level see, for example, 
Definition 3 in [l6|). By the HVZ theorem conditions of Theorem [1] would be verified if we 
can prove that di U d2 is not at critical coupling for all di^2 described in the conditions of 
the theorem. Assume by contradiction that there exist rfi 2 such that Hdid2 is at critical 
coupling. Without loosing generality we can assume that the subsystems d'^ U rfg, where 
d'l C di, d'2 C d2 and {i^d[) + (#^2) < (#'^1) + (#'^2) are not at critical coupling (otherwise 
we can pass to an appropriate sub/subsystem). Thus there must exist u > such that 
aess{Hdid2i^ + ^)) = [0, 00). For di U d2 we construct the BS operator 

K{e) := [hd,d2 - A.,, + V+,^ + e] V,-,^ [/i,,,, - A,,, + Vj;,^ + e] (39) 

By the analysis above K{e) is positivity preserving, K{e) — ?■ K{0) in norm, where K(0) 
is a positivity preserving operator as well. By Theorem |9] and Theorem 9.5 in [32| 
sup (Jess (-^(0)) C [0, (1 + w)^^]. Because di U d2 is at critical coupling we have ||/^(0)|| = 1 
(this follows from the BS principle and continuity of K{e)). Due to the location of the essen- 
tial spectrum ||ir(0)|| is an eigenvalue. Thus there exists (po G L^(]R") such that K{0)(j)Q = (pQ 
and 00 > 0, see ^]. From this fact and from the variational principle it follows that for all 
a > there exists e > such that ||-ft''(e, a)|| > 1, where 

K'{e, a) := [V., - A,,, + V^,^ + {V,-,^ + ae^^'l } [V,, - A,,, + + e] (40) 

By the BS principle this means that Hdid2 ~ ae~'^' ^ for any a > 0. Now it is clear that 
Hdj^d2 has a virtual level at zero energy contrary to the conditions of the theorem. □ 

III. MAIN RESULT AND DISCUSSION 

We shall consider the Hamiltonian of particles in 

H = Ho + V (41) 
V = J2^ik, VikeL\R^)nL%R'), (42) 

i<k 



11 



where Hq is the kinetic energy operator with the center of mass removed and Vik are operators 



28 



29| H is self-adjoint on 



of multiphcation by Vik{ri — rfc). By Kato-Relhch's theorem 
D{Ho) = n^R^^-^) C L2(M3^-3). 

For an ordered multi-index i = {ii, . . . , i^}, where s < N and 1 < ii < i2 < ■ ■ ■ < is N 
let us define the set Si = {1,2, ... , N}/{ii, . . . , is}, which is the subsystem containing N—^i 
particles. The sums of pair-interactions for the subsystem Si are defined as 



j<k 



(43) 
(44) 



j<k 

j,k&Si 



For example, V{jj is the sum of pair-interactions in the subsystem, where particle j is 
removed; V^j^s} is the sum of pair-interactions in the subsystem, where particles j and s are 
removed, etc. Obviously, Vi = — . We shall make the following assumption 

Rl aess{H) = [0, oo). There exists a; > such that + V^+^j - (1 + s} ^ 
for all 1 < j < s < A^. 

In particular, Rl implies that a subsystem containing — 2 or less particles is not at critical 

n ^ 

coupling [16|]. In Sec. |V]we prove the following 



Theorem 3. Suppose that H defined in ^^^J^-^^J^ satisfies Rl andN > 4. Then ^{evs{H) < 
0) is finite. 

The first thing worth noting is that Theorem |3] does not hold for = 3 because of the 
Efimov effect [l|,y, S t 

Corollary 1. Suppose the system of 4 identical particles is described by the Hamiltonian 
H in [J^^I^Jm ^^'^ o'essiH) = [0, oo). Then the number of negative energy bound states is 
finite. 

Proof. We need only to check the second part of Rl. If one pair of particles would be 
at critical coupling then this would be true for all particle pairs because the particles are 
identical. Then due to the Efimov effect % |6|] three-particle subsystems would have negative 
energy bound states thereby violating the condition aess{H) = [0,oo). Therefore, none of 
the particle pairs is at critical coupling and Theorem |3] applies. □ 
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Unfortunately, we did not succeed in extending Corollary [T] to > 5. To explain the 
difficulty let us consider = 5. Like in the proof of Corollary [1] we conclude that none of the 



particle pairs is at critical coupling. It can happen, however, that all partic 



e triples would 



15| . It is natural 



be at critical coupling, each of them having a zero energy bound state 
to assume that in most cases this would lead to negative energy bound states in 4-particle 
subsystems. But it is unclear how to prove that even for negative pair-interactions. 

It is natural to ask whether instead of assumption Rl in the condition of Theorem [3] one 
could simply require aess{H) = [0, oo). In this regard we pose the following conjecture 

Conjecture 1. Suppose that in Ij^J^-^^J^ N = 4 and all Vik < are bounded and finite- 
range potentials. Suppose also that aess{H) = [0, oo), the particle pair {1,2} and the particle 
triples {1,2,3} and {1,2,4} are at critical coupling (in the sense of Definition 1 in 
and the subsystems {1, 3, 4} and {2, 3, 4} do not have zero energy bound states. Then H has 
an infinite number of negative energy bound states. 

The conditions in Conjecture [1] can always be met by appropriate tuning of the coupling 



constants, see Sec. 6 in 



15|. Note, that by Theorem 3 in 



15| none of the subsystems has 



zero energy bound states and, therefore, the no-clustering theorem applies (see Theorem 3 



m 



16|). Conjecture HI if true, would mean the existence of a "true" Efimov effect for four 



particles ( "true" means that it does not trivially reduce to the case of three clusters) . 



16| Theorem [3] can be reformulated in the 



Let us remark that using Theorem 2 from 
following way 

Theorem 4. Suppose that N > 4 and H in Ij^J^-lj^^ is such that aess{H) = [0, oo). 
Suppose also that none of the particle pairs is at critical coupling and none of the subsystems 
consisting of N — 2 or less particles has a square-integrable zero energy ground state. Then 
H has a finite number of bound states with negative energies. 

Let us now discuss how the material is arranged in the next sections. The main tool of our 
analysis is the BS operator, see Sec. \M The somewhat uncommon form of the BS operator, 
which we adopt in this paper, has an advantage that the BS operator of an A^-particle 
system can be expressed through the BS operators of the subsystems. In Sec. IIV]we analyze 
the spectrum of the BS operator, which corresponds to the A^-particle system at critical 



coupling, whose subsystems are not at critical coupling. From Theorem 2 in 
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16| we know 



that the Hamiltonian of such system has eigenvalue equal to zero. Here of special interest is 
the behavior of the eigenfunction corresponding to the largest positive eigenvalue of the BS 
operator. Sec. |V]is devoted to the proof of Theorem [31 From Sec. [TTlwe already know that in 
proving Theorem [3] we need to focus on the case when some of the — 1-particle subsystems 
are at critical coupling (otherwise the proof is accomplished by applying Theorem [T]). For 
these subsystems we shall need the results of Sec. [IVl 
We define the BS operator associated with f HT]) as 

Kie) := {Ho + ey'^W{Ho + e)-'^' (e > 0), (45) 

The main object of our interest is 

iV, := #(evs(/7) < -e) = #(evs(ir(e)) > 1), (46) 

where the last equation follows from the BS principle. 

Lemma 4. One can define K{0) so that K{e) is norm-continuous on [0,oo). 
Proof. We can write 

K{e)= Yl c?ife(e)sign(t;ifc)c/*fc(e), (47) 

l<j<A;<Af 

where 

dM:={Ho + e)-'%,,\'/\ (48) 

and sign {vik) is the operator of multiplication by the sign of Vik- Repeating the arguments 
from the proof of Lemma [2] we prove the following inequality analogous to 0241) (the restric- 
tions on the pair-potentials allow us to set 70 = 1/10) 

Wdikie,) - d,kie2)\\ < A^|e2 - ei\'/\f/\ (49) 

where €2 > €1 > 0. From fH^ it follows that dik{e), and, hence, K{e) is norm continuous on 
[0,00). □ 

IV. N PARTICLE SYSTEM AT CRITICAL COUPLING 

Here we shall analyze the BS operator in (1451) in the case when > is at critical 
coupling and has a bound state at zero energy. Let us define 

/i(e) := super (K(e)). (50) 

We shall make the following assumption 
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R2 H>0. There exists w > such that Ho + V^.y - {l + u)V^.y > for j = 1, . . . , iV. 
Besides, Hq + 5V ^ for all 5 > 0. 

By Theorem 2 in [3] H satisfying R2 has zero as an eigenvalue. 

Theorem 5. Suppose H defined in ([77]j-(f7^ satisfies R2. Then there zs e > such that 
fi{e) defined in ([5^ is an eigenvalue of K{e) fore G [0,e]. As eigenvalue yu(e) is isolated and 
non-degenerate, as a function it is continuous and monotone decreasing on [0, e] . Besides, 
fi{0) = 1 and there is > such that 

1 - /i(e) > a^e (for e G [0,e]). (51) 

Proof. By R2 and the HVZ theorem (Tess(-ffo + {1 + uj)V) = [0, oo). By Theorem [9] and 



Theorem 9.5 in 



32| 



aess{K{e))n{{l + u;)-\oo) = ^ (for e G [0, oo)). (52) 

On one hand, from the BS principle and the condition if > it follows that 

a{K{e)) n (1, oo) = (for e > 0). (53) 

On the other hand, since H is at critical coupling, there must exist the sequences Un +0, 
e„ — )■ +0, where Un < w, such that inf a(^HQ + (1 +0Jn)V) = — e„. Hence, by the BS principle 

a{{l + Un)K{en))n{l,oo)^^. (54) 

Comparing (153|) and (15^ and using the continuity of K{e) (Lemma Hj) we conclude that 
/i(0) = 1 is an eigenvalue of K{0) lying away from the essential spectrum. (The non- 
degeneracy of this eigenvalue would easily follow from V < 0, for in this case K{e) is a 
positivity preserving operator). Let us assume by contradiction that the eigenvalue /i(0) 
is degenerate. Then by continuity for e„ — )■ +0 there must exist a sequence /i„ 1 such 
that K{en) has at least two eigenvalues in the interval (/i„, 1). We can choose the sequences 
en, fin so that (1 + uj)^^ < fin- Thereby we guarantee that 

aess {Ho + V^- fi-'V-) = [0, oo), (55) 

where by definition 

(56) 

i<j 
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Since fi^^K{en) has at least 2 eigenvalues in the interval (1, oo), by the BS principle (Theo- 
rem [9]) the operator 

Ho + fi-'{V+-V-) (57) 
has at least 2 eigenvalues in the interval (— oo, — e„). From the operator inequality 

Ho + fi-'{V+ -V-) >Ho + V+-fi-'V-, (58) 

maxmin principle and (!55|) it follows that the operator on the rhs of (!58|) has at least 2 
eigenvalues in the interval (— oo, — e„). The BS operator associated with the operator on the 
rhs of (158!) is fi~^K{e), where 

kie) = [Ho + y+ + e] {V-) [Ho + V+ + e] ''^^ . (59) 

By the BS principle 

#(evs(ir(e„)) > /i„) > 2. (60) 
The continuity of K{e) on [0, oo) is proved like in in Lemma HI From the inequality 

a,UHo + ^+ - (1 + uj)V-) = [0, oo), (61) 



By Theorem [9] and Theorem 9.5 in 32| it follows that 



aess{k{e))n{{l + ujy\oo) = (lS (for e G [0, oo]). (62) 

Repeating the arguments in the beginning of the proof we infer that ||i^'(0)|| = 1 is 
an eigenvalue of K{0). By continuity and ( l60l) we know that this eigenvalue must be at 
least two-fold degenerate. However, K{e) for e > is a product of positivity preserving 
operators (c. f. formula (fT2!) ). and K{0) is also positivity preserving being the norm limit 



of positivity preserving operators. By Theorem XIII. 43 in vol. 4 [33|] ||i^(0)|| must be 
a non-degenerate eigenvalue, a contradiction. The existence of € > such that /i(e) is 
continuous on [0,€] is a trivial consequence of the norm-continuity of K{e). Thus there 
exists Lp{e) : R+ L'^{R^'^~^) such that 

KieMe) = fiieMe) iMe)\\ = l,eG [0,e]) (63) 

and by definition (p{e) = for e G (e, oo). Let us define 

^l^ie)■.= {Ho + e)-'^'^ie) (e > 0). (64) 
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Due to dnSD V5(e) e Ran((ifo + e)"^''^), hence, ?/'(e) e D{Hq). Besides, V(e) satisfies the 
Schrodinger equation 



[H, + e)^(e) + —-Vi^ie) = (e G (0,e]). 



(65) 



Monotonicity of /i(e~ 
decreasing with 



follows from the fact that — e = inf a (//q + A* ^(^)^) is monotone 



33|. Inequahty is a direct consequence of Lemma 3.1 in [25|. □ 



Remark. With additional effort instead of f l5T|) one can prove that yu(e) = 1 — (■j/'q? ^"^o) + 
o(e), that is /i(e) has a derivative at e = 0. 

Let us introduce the projection operator 



P(e):= (y.(e),X6), 

where ip{e) is defined in (1631) . Then by Lemma [5] 

K{e)=^^{e)P{e) + K{e)[l-P{e)), 
\\K{e){l-P{e))\\<r^, 



where rj G (0, 1) is some constant. 



Lemma 5. For e > the following formula holds 



(66) 

(67) 
(68) 



-1/2 



1 + 



^1-Me) 



1 Pit). 



(69) 



Proof. Using von Neumann series we get 



l-^^{e)P{e) 



-Pie) 



The operator on the rhs of fl69p is positive and by the direct check one finds that its square 
is equal to the operator on the rhs of (!70|) . □ 

In the rest of this section we shall derive various estimates on ip{e),ilj{e), the key result 
in this respect being Theorem [6l 

We shall use N sets of Jacobi coordinates each associated with the particle number 



1, . . . , A^. Let us construct the Jacobi coordinates xi, 



,Xn-i G 



associated with the 



first particle. Here Xi points from the center of mass of particles {2, 3, ... , A^} in the direction 
of particle 1, Xi points from the center of mass of particles {z + 1, . . . , A^} in the direction of 
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FIG. 1. Illustration to the choice of orthogonal Jacobi coordinates. The filled square symbolizes the 
center of mass of the particles {3, 4, . . . , N}. Coordinates' scales are set so that Hq = — A^. = 
-E.A,, = -E.At, holds. 



particle i. The coordinates' scales are chosen so that Hq = ~ J2i '^Xi holds. The coordinates 
zi, Z2, . . . , zn^i G M.^ are associated with particle 2. Here zi points from the center of mass 
of particles {1, 3, ... , A^} in the direction of particle 2, Z2 points from the center of mass of 
particles {3, . . . , A^} in the direction of particle 1, Zi for i > 3 points from the center of mass 
of particles {i + 1, . . . , N} in the direction of particle i. The coordinates' scales are chosen 
so that Hq = — J2i holds. This choice of coordinates is illustrated in Fig. [1] The two 
sets of coordinates are connected through 

zi = aiiXi + ai2X2, (71) 
Z2 = 021X1 + 022^:2, (72) 
Zi = Xi (i > 3), (73) 



where the 2x2 real matrix is orthogonal. In fact, 



an = - 



mim2 



ai2 



_{M - mi)(M - m2) 

M(M - mi - m2) 
(M-mi)(M-m2) 



(74) 
(75) 



where M := "^f^i rrii and 022 = — Oii and ai2 = 021. 
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For each set of coordinates j = 1,. . . ,N we introduce the full and the partial Fourier 
transforms denoted as Fj and J^j respectively. In particular, 

/(pi, . . .,Pn-i) = (FJ) = ^ / e-^^^=>'=-^V(xi, . . .,XN-i)d^Xi . . . d^x^-i, (76) 

(27r) 2 J 

f{pi, X2,..., Xn-i) = (J^lf) = J^^yJ^ j e-'^'^-'^'fixi, XN-l)d^Xi, (77) 

/(gi,...,g^_i) = (F2/)= / e~'^^-^"'"^-'''f{z,,...,ZN.^)dh,...dhN_^, (78) 

(27r) 2 J 

f{qu Z2,..., ZN-i) = (^2/) = j e-'^^-^^f{z,, ZN-i)dh,, (79) 

For shorter notation let us define the following tuples Xr := (x2, 0:3, . . . , Xjv-i) G ]R^^~^, 
Xc := (x3, . . .,Xn-i) e M^^"^ and Pr := (p2,P3, • • • ,Pn-i) e R^^'^, p^ := (pa, . . . ,Pn-i) e 
M^^-^ Similarly, we define G R^^'^ and z^, gc e M^^-^ 

For j = 1,2, . . . , N, s E R^ and e > let us define the positive operator Gj{s, e), where 
Gi{s,e) acts on / G ^^(^3^-3) as follows 

G^is, e)f = JT^ [ipi + sf + e] (J^J). (80) 

The operators Gj{s, e) for j > 2 are constructed analogously using appropriate coordinates. 

Theorem 6. Suppose the conditions of Theorem\^ are fulfilled. Then for all a G [1, |) and 
(f{e) defined in ( fggj) the following bound holds 

supsupsup ||G°(s,e')v?(e)|| < 00 (j = 1, 2, . . . , A^). (81) 

e>0 e'>0 seM^ 

Before we proceed with the proof we shall need a couple of technical lemmas 



Lemma 6. Suppose H defined in PJ\)-^^J^ satisfies R2. For a multi-index i and e > let 
us define the operators 

Ue) := {Ho + + e)-'^'Vr [Ho + + e)-'^' (82) 

Q,(e):=[l-ICiie)]-\ (83) 

where was defined m g^. Then ICi{e),Qi{e) G "BiL^R:^^'^)) and ||/Ci(e)|| < {1 + uj)~\ 
\me)\\<io-\l + io). 

Proof. From R2 and HVZ theorem it follows that 

Ho + V^ -{l + co)Vr >0 (84) 
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Therefore, by the BS principle (Theorem [9]) we get ct((1 + uj)}Ci{e)) n (1, oo) = 0. Together 
with /Ci(e) > this gives ||/C4(e)|| < (1 + u)^^. The rest of the proof is trivial. □ 

1/2 

Lemma 7. Suppose H defined in [(^^HJ^) satisfies R2. For f E D{Hq' ) and e > the 
following inequality holds 



{Ho + V^ + e)-'^\H, + ey''f 



1/2. 



where Vj^ is defined in [JW for any ordered multi-index i. 



Proof. Indeed, 



< 



(85) 



{Ho + e + Vt) (i^o + e) V If = ( (^o + e) V, (^o + 6 + (i^o + e) f) 

< {{Ho + eY^'f, {Ho + ey\Ho + ef^'f) = , (86) 



In ( 156)) we have used the operator inequality 



{Ho + e + V^y'< {Ho + ey\ 



(87) 



which follows from Hq + V^^ > > (see, for example. Proposition A. 2. 5 on page 131 in 
4^). □ 



Proof of TheoremlBi Without loosing generality we can set j = 1; the power a G [1, |) 
remains fixed throughout the proof. We shall further on assume that e' < e because from 
(IHOj) clearly follows that 



e>0 e'>0 si 

Using 1^^, (165|1 we can write 

N 



sup sup sup ||G'"(s, e')v9(e)|| = sup sup sup \\G"{s,e')ip{e) 

e>0 0<e'<e s 



GUs,eMe)\\<J2\\Gns,e){Ho + ey'^\^,ij{e)\\+ Yl l|G'?(s, e') (i^o+e) "'^%..^(e 



(88) 



i=2 



2<i<k<N 



Thus without loss of generality, fl8ip follows from the following inequalities 

1/9 

sup sup sup ||G"(s, e') (//q + e) Vi2ip{e)\\ < oo 

e>0 0<e'<eseM3 

1/9 

sup sup sup \\Gi{s,e'){HQ + e) V23ip{e)\\ < oo 

e>0 0<e'<€ seR3 



(89) 

(90) 
(91) 
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We shall follow the method developed in ISMlTj]. Let us start with ( pOj) . We introduce 
another set of Jacobi coordinates yi = 1/2/112 (r2 — ri), 1/2 = (a/2Mi2;3) [r^ — mi /(mi + 
m2)ri - 7x12/ {mi + m2)r2] etc., where Mik-j := (m^ + mk)mj/{mi + m^ + rrij) and yUjfc := 
mimk/{mi + m^) denote the reduced masses. The coordinate i/i G M'^ is proportional to 
the vector pointing from the centre of mass of the particles [1, 2, . . . , i] to the particle i + 1, 
and the scales are set so as to guarantee that Hq = — Xlj^yr The full and partial Fourier 
transforms have the form 



{Fl2f){Py„Py2,...,Py^_,) 1 = 



(2vr) 



(27r 



,yN-i)d^yi...d^yN^i (92) 



)^ J 

i_ f e-S"^Vp«.-^'=/(yi,...,y^„i)A2...c^^ 

2 J 



yN-i (93) 



For shorter notation we shall denote by yr,Pyr £ ^^'^ ^ the following tuples yr ■ = 
(2/2, 2/3, ■ ■ ■ , 2/Af-i) and Py^ := {py^.Pyj., ■ ■ ■ ,PyN-i)- The coordinate set yi can be expressed 
through follows 

Y,b^kyk {t = l,...,N-l), (94) 



A:=l 



where the (A^ — 1) x (A^ — 1) real orthogonal matrix bik depends on the mass ratios. The 
expressions for these coefficients are complicated, we just mention that 



fell 



m2M 



(95) 



(M — mi)(mi + m2) 

Similar to [16|, ll7| we introduce the operator, which acts on / G L^(]R^) according to the 



rule 



where 



512(6)/ = (1 + 6^/2)/ + JT2^(K|^ - l)Xl(KI)(^12/), 



a 1 
^=2+4<^ 



(96) 



(97) 



For all e > the operators -Bi2(e) and B^2i^) are bounded. Inserting the identity 
5i2(e')5f2^(e') = 1 into ([90]) and using [5i2(e'), f 12] = we get 



Gns,e'){Ho + e)-'^\um\\ < \\C{s,a,e,e')\\ \\B^2\^')\vi2r^{^)\\ 



1/2^ 



(98) 



where by definition 



C(s, a, e, e') := G-(s, e') (i^o + e) "'^'i?i2(e') |^i2 
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1/2 



(99) 



By Lemma [8] below to prove (pOj) it suffices to show that 



sup sup ||-B]^2^(^') hl2r^^'^(e)|| < OO. 



e>0 0<e'<e 



(100) 



Using the method in 16| one can prove that 



sup sup \\B^^{e)[{vi2)-)^ip{e)\\ < oo. 

€>0 0<e'<e 



(101) 



We first prove that fllOOp follows from (1 10 II) and afterwards prove that (11 Oil) holds. After 
rearranging the terms in the Schrodinger equation ( l65l) we obtain 



i=3 2<i<j<N 

(102) 

This leads to the upper bound 



N 



\\Bu\^')\v4^"m\\ 



N 



+ E||l^i2r^'5r2^(e') [Ho + e + ivu)+] >i 



1| 1 1/2 



i=3 



+ E \\\vi2\'^'B;;{e')[Ho + e + {v,,U] 



-1| |l/2 



2<i<j<N 



i%r^V(e) 



(103) 



1 1/2 

Note, that for 1 < i < j < N the terms \\\vij\ ^(e)|| are uniformly bounded. Indeed, by 



sup 

e>0 



i%-r^V(e) 



sup 

e>0 



1 1/2 



< = max sup 



1 1/2 



{Ho + e) 



-1| 1 1/2 



1/2 



< OO, 



(104) 



where we have used ||v^'(e)|| < 1 and \vij{r)\^^'^ E L^(R.^), c. f. fl23l) . Applying Lemma [9] and 
(11041) we conclude that all terms under the sums in (11031) are uniformly bounded. For the 
first operator norm on the rhs of (I103p using (I104p we get 



sup 

e>0 



vi2\'^'[Ho + e + {vu)+] \ivu)-) 



,1/2 



< sup 

e>0 



t^i2r^'[i^o + e]">i2r'' <Cl (105) 



-1| 1 1/2 



Thus from (I103p - (I105I) and (llOip inequality (HOOD follows. It remains to prove (llOip . Using 
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Eq. 16 in [l6| (where one has to set fc^ = e and A„ = 1) we get 

N 



i=3 



2<i<j<N 



where 



was defined in Lemma [61 By Lemma [6] and fll04p 



1 ^ -1 



(106) 



(107) 



N 



i=3 



2<i<j<N 



-1| |i 
??■ ■ 2 



(108) 



Now (11 Oil) follows from Lemma [9] and (pOl) is proved. 

Let us now consider fl9T]) . After rearranging the terms in the Schrodinger equation f l65|) 
we obtain 

1/2^ 



j=2 



(109) 



where by definition 



and 



^i(6,eO :=G?(.,e')(V^7})'^V(e) 

TV 

Me, e ) :=Y{Ho + e + V^XyV'^'GUs, e')^i.^(e) 



(110) 
(111) 



(112) 
(113) 



i=2 
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In (llOgp we have used that [Gi{s, e),V^y] = due to V^y being dependent only on 
X2, . ■ ■ ,xn-i- It is easy to show that ||j7i,2(e)|| is uniformly bounded. For example, 



Il:^i(6)|| < |||t;23r/'(i:^o + 6)-V23| 



lU,„jl/2||l/2 



\v23\'/\Ho + V++e)-'\v23\ 



{1} 



1/2 



1/2 



{1} 



{1}^ 



1/2 



(114) 



where we have used Lemma El It remains to prove that 



sup sup \\i'i,2{e, e )\\ < oo. 

€>0 0<e'<e 



(115) 



By Lemma El and ([90]) 

N 

sup sup ||-?/'2(e, e')|| < sup sup ||(ifo + e) ^^'^G"{s, e)vii'ilj{e)\\ < oo, (116) 

e>0 0<e'<e e>0 0<e'<e 

— 1=2 — 

After rearranging the terms in (1551) we obtain 

N 

^{e)=[Ho + V^\^ + e]-\v^-^y/\Vf,^f/'m-[Ho + V^^,^+ (117) 

i=2 

Therefore, 

N 

{Vf.yY^'m = -Q{i} (e) (^T}) [^0 + + e] J2 [Ho + + ^] ''^"v^m (118) 



i=2 



where (5{i}(e) was defined in Lemma [61 Using (I118|) and Lemma [61 we obtain from (I112[) . 



_(e, e') II < (1 + uj)uj-' [/7o + V^,^ + e] "^^^ 



1/2 



^2 e,e 



<{l + uY/'u-'\\Me,e)\\. 
Now ([II5D follows from (^m> and fim . 
Lemma 8. For all a G [1, |) the following inequality holds 

sup sup sup ||C(s, a, e, e')|| < oo, 
where C{s, a, e, e') is defined in (E^. 



(119) 



□ 



(120) 
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Proof. Without loosing generality we can consider < e < 1. For the dual coordinates de- 
fined in f l76|) . fl92|) the following relation holds pi = ^^^^ bupy^, where we have used that the 
matrix bik in fl94p is orthogonal. The Fourier-transformed operator M = Fi2C(s, a, e, e')F]^^ 
acts on f{pyi,Py^) G L^(]R^^~^) as follows 



iMf){Py„Py^) = I M{Py,,p'y^;Py^)f{p'y^,PyM^P' 



;i2i) 



where 



M{Py„p' ■,Py^ 



(27r)3/2 



N-1 



-| -a/2 



k=2 



{pi +Pi+^) 



-1/2 



X {1 + (e')^/^ + (Kl^ - ll)xi(KI)} |t;i2|^(v^fe. 



(122) 



and the hat denotes standard Fourier transform in L 



We estimate the norm as 



\\Mf< sup \M{py„p'y^]Py,)\''d^p'y^d\,+ sup \M{py„p'y^;PyXd^Py,d\i (123) 

\Py,.\<lJ \Pyr\>^J 



For the first term in fll23p we get 



sup \M {py, , Py^ ;py^)\ ^d^Py^ d^py, 

\Pvr\<^J 

^ /" r/!, I i\2 , /l (iPyrl^ + )^ ) ,3 

< Co sup sup / (&iiPj;i + s) +e — d py,, 



where 



Co:-- 



12) 



27r3 



Vl2 



d^Py^ 



(124) 



(125) 



is finite due to |fi2|^^^ G L^(]R'^). In fll24p we have also used that e' < e. Let us use the 
following inequality 



{\Pyr\' + < 2\Pyf^ + < 4 {\Pyf + e'Y, 



(126) 



which follows from a'' + W < 2{a + b)^ for any a, 6 > and < 7 < 1. Using f ll26p and (E 
we obtain from fll24p 



sup \M{py,,Py^;Py^)\ d^p'y^d'^py, <4:Co\bn\ '"J sup {IPyf + e')' 

\PVr\<^J \Pyr\<^ 



<4Co|feiir'"2^J, 



(127) 
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where 



J := sup 



;i28) 



It remains to show that the expression in fll28p is finite. This becomes clear from he following 
upper bound 



J < 



< 



Kil<2 \Pyi\ 
327r 
(3 - 2a)4^ 



1 2a 



+ sup 



yi 



((l/2)|p,J2" + l)[(p,^ + 30^ + 1] 



'yi 



{\PyA' + i: 



(129) 



((l/2)Kp- + 2)2_ 

where we have used the Cauchy-Schwarz inequality and the last two integrals are obviously 
convergent. For the second term in (11231) we obtain 



sup \M{Py„p'y^]PyXd^p'y^d'^Py, <Co\bu\ ^'^ J 

bHrl>l J 



(130) 



Because the expression on the rhs of (11271 ) and (I130p do not depend on e, e', s the lemma is 
proved. □ 



Lemma 9. The following inequalities hold 



sup sup 

£>0 e'>0 

sup sup 

e>0 e'>0 



vi2\'^^B^^\e')[Ho + e+{vi2)+] >i 



1| 1 1/2 



< oo (z = 3, 



N) 



Vu\'^^B^i{e')[Ho + e + iv,2)+] 



-1| |1/2| 



< oo {2<i<j<N) 



(131) 
(132) 



Proof. The proof practically repeats that of Lemma 2 in [l^, where in the definition of B12 
we used ( = 1/2 (note, that coordinates' notations here are different from definitions in 



16|). So we shall restrict ourselves to the proof of ( I13ip for i = 3, which is equivalent to 



sup,./>o ||£'(e,e')|| < 00, where 



D{e,e') = J^{,'\vi2\'^'Bi,\e')[Ho + e + {vu)+] >i3|'''-^i2. 



i| 1 1/2, 



(133) 



We split D{e,e') as follows 



D«(e,eO := JT2>i2|^ {B^2\e) - (1 + (ef-)-'} [Ho + e + (^^12)+] ">i3| ^^12, 
(e, e') := (1 + (e')^ )"'^r2>i2 1 ^ [^0 + e + (t;i2)+] ">i3 1 ^-^12. 



(134) 
(135) 
(136) 
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For convenience we denote := {py^,Py^, . . . ,Py^_^) G 
on 4>{yi,Py2,Pyc) £ L^(]R^^"^) as follows 



P3N-9 



The operator D^^\e,e') acts 



{D^^\e,e)(l)){yi,Py2,PyJ = / d^v'i d^Py2'^^^\yi,y'i,Py2^Py2'^PyJ(l^iy'i,Py2^PyJ- (137) 



Xl{\Pyr\) |^12((2/il2) ^2/1) 



The integral kernel in fll37p has the form, see 



1^^^\yi,y'l,Py2,P'y2'^Py. 



. 3JV-2 3iV-4 ^ 1 |Pj/r I 



TT 2 ^•J 

^^(^(pj^ + e)3;?/i,y;j exp (i/37~^l/l " iPy2 - P^)) l^sal ' (7"^(Py2 -Py2))>(138) 

where (5 := -m2h/{{mi + 7712)^2/^12), 7 := /i/ a/2Mi2;3 and = '^^^ function 

7/1, y']^) is the integral kernel of the operator (— A^^ + A;^ + (^12)+)^^- By the arguments 
from [16] (around Eqs. (18)-(19)) 

Q-k\yi-y'i\ 



\yi-y'i\ 



(139) 



away from yi = y[. Using the estimate 

||D«(e,e')f < sup / \V^'\yi,y[,Py2,p'y2;PyJ\'d'yid'y[d'py2d% 

Pyc J 

and the upper bound 01391) we get 



y2 



(140) 



pW(e,e')f <CoSup / {{pl + \Pyf)' + i^')'y {pI + \Pyf + d\, 

d?p, 



^y2 



<l \Py2?^^' 



<27rCo(l-C)"' 



(141) 



\Py2\<i \yy2 



where 



Cn: = 



v23\Hi Vj/2) d^pyA \ / vuii^fiu) ^yi) 



d'yi 



(142) 



is finite due to Vik G L^(]R'^). Therefore, sup, WD^^He, ^')\\ < 00. The proof that 
sup^g/^o II < C)0 is trivial (c. f. proof of Lemma 2 in 16|). 



□ 



The following corollaries to Theorem [6] provide further necessary estimates. We agreed 
to set ||v5(e)|| = 1 for e G [0,€], while for ip{e) we can prove 



Corollary 2. 



:= sup ||^(e)|| < 00 



e>0 



(143) 
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Proof. The proof easily follows from (IMj) and Theorem [61 □ 
Corollary 3. For e, e' > let us set 

Vie,e') := B^iie'){Ho + e)''^ ^(e), (144) 
where -Bi2(e) i(^as defined in ^9B\) and ( G (0, 1). Then 

Cr, := sup sup ||77(e, e')|| < oo (145) 

e>0 0<e'<e 

Proof. Using (IMjl we can write 

r^{t,t') = \v,2\^B^^{t')ij{t) (146) 
Now the result follows from (llOOp . □ 
Note that due to continuity of ip{e) on [0,e] and compactness of the interval 

sup Me,)-ip{e,)\\=o{d). (147) 

<:i,2e[0,e] 
|ei-e2|<d 

The following is also true 

Corollary 4. Let a G [1, |). For all e > there exists 6 > such that 

supsup||G^(s,e')(¥^(ei)-¥.(e2))|| <£ (148) 

e'>0 s€ 



for all |ei — €2! < S and j = 1,2, . . . , N . 

Proof. Without loosing generality let us set j = 1. For any r G IR+ we have 

sup sup ||G"(s,e')(v?(ei) - ^(€2))^ = sup sup \\G'^{s,e'){(p{ei) - (p{e2))f 

e'>0s£R3 0<e'<rsGK3 

<r-||^(e0-^(e2)ir+ sup sup / jf^^^^^^ci^^-^P, (149) 

0<e'<r seM» J\pi+s\2<r [[Pi + + J 

where (p = Fi^p and p := (pi, . . . ,p7v-i)- Let us choose a' G (a, |). For the last term we can 
write 

sup sup / f^^^^^^d'^-'p<2{2rr'--M^,, (150) 

where the constant 

M„/ := sup sup sup ||Gi'(s,e')v5(e)f (151) 

e>0 e'>0 seK^ 
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is finite by Theorem [61 Summarizing, 

sup sup WG^s, e')(<^(ei) - ^(e2))f < r-"||v^(ei) - ^(e2)f + 2(2r)"'-"M„, (152) 

Now (11481) for j = 1 would liold if the following two inequalities are fulfilled 

4(2r)"'-°M„, < (153) 
2r-'^yie^) - ^{e^W < (154) 



Let us fix r so that (11531) is satisfied. Then by (I147P we can always choose an appropriate 
5 > so that ffTM]) holds for |ei - es] < 5. □ 



Using flMl) let us define 



if{e):=V^{e) (e G (0,e]). 



Obviously 



(ifo + e)V(e) = (^^o + e)^(e) = ^(e). 



(155) 



(156) 



Corollary 5. The norm limits ip^O) = \im^_^^Q ip (e) and {p{0) = \im^_^^Qip{e) exist and 
(p{e),ip{e) are norm-continuous on [0,e]. The following is also true for L > 



sup \\{l-XL{\x\'))m\\ = oiL-'] 

ee[0,e] 



(157) 



Proof. Let us first prove the following statement: for all £ > there exist 6,6' > such that 



sup 

ei,2e(0,£] 
|ei-e2|<<5 

sup 

ei,2e(0,£] 

ki-e2|<<5' 



ei) -^(£2)11 < e 
ei) - <^(e2)|| < e 



(158) 
(159) 



Note that (1159^ easily follows from ( 1158^ since V is relatively Hq bound with a relative 
bound zero and sup^gj-g^^] ||ifoV^(e)|| < oo (see f. e. Lemma 1 in For the same reason 

sup^g(Q^^] < oo. The norm-continuity of ip{e),ip{e) on [0,e] follows directly from 

(fT58D- (fT59|) . So suppose that < ei < ea < e. Then 



ll^(ei) - ^(62)11 < {Ho + e,) -^[^{e,)-ip{e2)] + {Ho + e,) ^ - (ifo + es) ' v{^2 



< ||Gi(0, ei) [ipiei) - ifie^)] || + (/Jq + ei) ^ - {Ho + e^) ^ ^(es) 



(160) 
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By Corollary H] we can choose 5 > so that 



(161) 



for |ei — £2! < 6. Let us introduce / : IR+ — IR+ such that /(r) = r^/^ for r G [0, 1] and 
/(r) = 1 for r > 1. Now we consider the last term in fll6ip . 

{Ho + ei)-5 - {Ho + e^y^ f{Ho + e^) \\[f{Ho + e^)]-' ^{e^ 



< 



< 



{Ho + e,) -^-{Ho + e^) ^ /(//q + ei) HGf (0, ei)v9(e2 



(162) 



The last norm in (11621) is uniformly bounded by Theorem [61 Using the Fourier transform it 
is easy to see that 



{Ho + ti) -{Ho + e2) ^ f{Ho + ei 



1/6 



(163) 



Thus we can always set 5 > to ensure that the last term in (I16ip is less that e/2. Eq. (I157p 
is a trivial consequence of the norm-continuity of (p{e) on [0,e]. □ 



V. PROOF OF MAIN THEOREM 



Let us by £j for j = 1, 2, . . . , denote the subsystem containing — 1 particles, where 
the particle j is missing. For each subsystem we introduce the operators 

K,{e) := -{Ho + ey'\,y{Ho + ey'/' (164) 
L,(e) := -{Ho + ey'^\v - Vy}){Ho + ey'^\ (165) 

where e > and V{j} was defined in (03]). Clearly, Kj,Lj G ^{L^{R^^-^)) and 

Kie) = K,ie) + L,ie) (j = 1, . . . , iV). (166) 

Kj{e) is effectively the BS operator for the subsystem (tj. Suppose that the subsystem 
€j (as a system of — 1 particles) is at critical coupling and satisfies the conditions of 
Theorem 13 Using Theorem for each such subsystem we can define v'j(e) G L^(]R^^~^), 
/ij(e) for e G [0,ej]. Inequality ( [51]) reads then 1 — /Uj(e) > ajf'*e for e G [0,€j]. It is 
convenient to set e < miUjCj and := miuja}/^ (where minima are taken over all such j 
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for which (tj satisfies the conditions of Theorem [5]) . The value of e is set in such a way that 
/ij(e) G [1/2, 1] for e G [0,€]. So let us redefine the definitions saying that for e G [0,€] the 
functions fij{e),ipj{e) are defined through Theorem O and v^j(e) = and /Uj(e) = if e > e. 

Now suppose that the subsystem €i is at critical coupling. We use Jacobi coordinates 
Xi,X2, ■ ■ ■ , XAr_i, which we have already introduced in Sec. HVl Then ipi{e) depends explicitly 
on the coordinates as v?i(e; Xr)- Similar to ( 166|) we define the projection operator -Pi(e), which 
acts on f{pi,Xr) G L'^(R^^~^) as follows 

P,ie)f ■.= M^ + pl,Xr) J fipuXr)iplie + pl,Xr)d'''-''xr (167) 

We shall also need its Fourier-transformed version ■= jr-ip^(e)jr^, where J^i was defined 
in (!77|) . Additionally, let us introduce the operators 'Pi(e), mi(e) and gi(e), which act on 
fixuXr) G L2(M3Af-3) as follows 

mi(e)/ = JTVi(e + P?)(-^i/) (168) 
0i(e)/ = JT^ ([1 - /ii(e + P?)]"^ - l) (^i/) (169) 
Pi(e) :=mi(e)Pi(e) (170) 

Similarly, for each subsystem €.j at critical coupling we define Pj, Pj,Vj, gj{e),mj{e),ipj{e), 
where for each j one has to choose appropriate Jacobi coordinates. If the subsystem €j is 
not at critical coupling we simply set Pj, Pj,Vj, gj,mj,(pj{e) = 0. According to Lemma [5] 
the operator 

n,{e) := Q,P, = P,Q, (171) 

satisfies 

n,{e) = {l-V,{e)y'^'-l. (172) 

From definitions it is clear that the operators mj{e),Vj{e) are not norm-continuous. We 
shall now construct their norm-continuous analogues. Let us introduce a continuous function 
: M — 7- M depending on a parameter 7 > such that 6{r) = 1 if r G [1 — 7, 1 + 7]; 6{r) = 
if r G ]R/(1 - 27, 1 + 27); in the intervals [1 - 27, 1 - 7] and [1 + 7, 1 + 27] the function 6{r) 
is linear, see Fig. [2l Recall that /ij(e) on [0,e] is continuous and monotone decreasing. Let 
us set 7 so that the following equation is fulfilled 

1 - 27 = max/ij(e/2), (173) 
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-27/ 1 


N 


\l + 27 



1 - 7 1 1+7 

FIG. 2. Behavior of the continuous function 9{r) 



r 



where the maximum is taken over such j that <tj is at critical couphng. If €i is at critical 
coupling then the operators m^^\e),v['^\e) given by 



(174) 
(175) 



are norm-continuous on [0, oo) (the superscript "c" stands for continuous). Similarly, us- 
ing appropriate coordinates one defines m^^^\e),Vj^\e) if (tj is at critical coupling and sets 
mf\e),V^^\e) = otherwise. It is easy to see that 



V,{e)-Vfie)>0 (j = l,...,iV). 



;i76) 



By construction of 'Pj'^'' and 



rj := max sup sup a (Kj{e) —Vl'^\e)] < 1. 

j=l,...,N e>0 V / 



(177) 



The following theorem, which is used for counting the eigenvalues, is the central ingredient 
in the proof of Theorem [31 



Theorem 7. Suppose that H defined in is such that a^ssiH) = [0, oo). Then the 

following relation holds for N^^ defined in ^JW 



iV, = #(evs (rfc(e)) > 1) {k = l,...,N), 
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(178) 



where e > and 

k 

%{e) ■.= K{e)-Y,'P^i^)+Mk{e), (179) 

i=l 

yWi(e) := 7^lLl7^l +7^lLl + Ll7^l, (180) 

and the operators A^fc(e) for k = 2,3, . . . , N are determined through the following recurrence 
relation 

Mk{e) = {1 + TZk) Mk-i{l + TZk) +nk Ilk- J^'Pi^'^k 



Besides, <7ess{%{^)) H (1, oo) = for k = 1, . . . ,N. 

Proof. The proof consists in applying the BS principle times. As the first step let us write 

1 _ Kie) = l-V,{e)- [K{t) - V,{t)] , (182) 

where the operator on the Ihs has A^^^ negative eigenvalues, see (H6l) . By Theorem [9] we also 
have cress(l — K{e)) C [0, oo). Obviously, for e > 

1 - V,{e) > 1 - /i,(e) > (j = 1, . . . , N) (183) 

Applying the BS principle (see a remark after Theorem [9]) we obtain 

AT, = #(evs(ri(e))>l) (184) 

where 

ri(e) = (1 - p,y''\K - r,] (1 - v,y"\ (i85) 

Besides, aess{Ti{e)) n (1, oo) = 0. Using ffT72|) and K{e) = Ki{e) + Li(e) we get 

ri(e) = K-Vi + LiUi + 7^lLl + 7^lLl7^l = is: - + All (186) 
where we have used lZi{Ki — Pi) = and (11801) . Now we do the second step and use that 

1 - 7^(e) = 1 - V2{t) - \Ti{e) - V2ie)] (187) 

has negative eigenvalues (counting multiplicities). Therefore, again by the BS principle 

A^, = #(evs(r2(e))>l), (188) 
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where 

r2(e) = (1 - V2y'^'[n{e) - V2] (1 - V2)~'^' 
= (1 + 7^2) [K-Vi-V2 + Ml] (1 + 7^2) 

= K - Pi - p2 + (1 + 7^2)-Ml (1 + 7^2) + 7^2 - Pi - P2] 7^2 

+7^2 [ir - Pi - P2] + [K-Vi- P2] 7^2 (189) 

has eigenvalues larger than one. From the BS principle it also follows that ciess (72(e)) n 
(1, 00) = 0. For the last three terms in square brackets we substitute K = K2 + L2 and use 
7^2(i^2 - P2) = {K2 - P2)7^2 = O. This leads to 

r2 = K -V1-V2 + M2, (190) 

where A^2 is defined through (11811) . Proceeding in the same way, that is writing each time 

l-rfc(e) = l-Pfe+i(e)-[rfc(e)-Pfe+i(e)] (A; = 3, . . . , iV - 1) (191) 

and applying the BS principle we prove the theorem. □ 

Let us define the norm-continuous operator function Qn : ]R_|_ — t- Q3(L^(]R^^~^)) as 

N 

g^{e):=K{e)-Y,vf\e). (192) 
i=i 

Lemma 10. There exist g, eo > such that for e G [0,£:o] 

aess(e^jv(e)) C (-00,1-g). (193) 

The proof of Lemma [10] would be given later. Let us define 

Aoo ■■= : M+/{0} ^ Q3(L2(M3A^-3)) sup ||l^(e)|| < cx)| . (194) 

By definition W E Z C. Aoo iff ioi any f3 > there exists a decomposition W = + W^^, 
where W^, W^^ G satisfy the following inequalities 



sup\\W^{e)\\ < (3 (195) 

e>0 

sup||Vr^^(e)||H5 < 00. (196) 



(Eq. fll96p implies that W (e) is a Hilbert-Schmidt operator for all e > 0). Obviously, if 
W E Z then W{e) is a compact operator for all e > 0. 
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Lemma 11. is an algebra and Z is a two-sided ideal in Aoo- 

The proof of Lemma [11] is a trivial consequence of the Hilbert-Schmidt class properties 
and we omit it. 

Lemma 12. The function E Aoo defined in Iil81\) is such that A^^v £ 5- 

The proof of Lemma [T2] would be given later. 
Proof of Theorem\^ Let us assume by contradiction that iV^ — )■ oo. Then by Theorem [7| 

lim #(evs (7>(e)) > 1) = oo. (197) 

Let us define 

N 

rV(6) := TM + [V,{e) - Vf\e)\ . (198) 

Using (11921) we can write 

rV(e) = Gn{0) + {GNie) - gm + MN{e) (199) 

By norm-continuity of Q{e) and Lemma [TOl there exist eo,q> such that for all e G {0,eo) 

\\GN{e) - GNmi < (200) 
^^(0) < 1 -3g + C/ (201) 

where Cj is a fixed finite rank self-adjoint operator. By Lemma [T2] we can write the decom- 
position 

MN{e)=Mf,{e)+M§'{e), (202) 

where 

\\Mm\\<q (203) 
sup \\M^'ie)\\Hs = ^ <oo. (204) 

e6(0,e] 

On one hand, from fll97p we infer that for any n G Z_|_ there is e G (0, Eq) and an orthonormal 
set 01, . . . , 0„ G L2(M3JV-3) g^pj^ ^Yiat (0^, 7^(e)0i) > 1 holds for z = 1, . . . , ra. Due to ffT75]l 
(0i, r'7v(e)0i) > 1 holds as well for i = 1, . . . , n. With ffTO- (l2U5]) this results in 

\{(j),,[Cf + M^'{e)]<j),)\>q {t = l,...,n). (205) 

On the other hand, from Lemma [3] and (12041) . (I205p it follows that n < {\\Cf\\Hs + 
"(9)^/5^, which contradicts n being arbitrary positive integer. □ 
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Our next aim is to prove Lemma [TDl Note that the operator H^^"^ (^Hq + e) ^^'^ and its 
adjoint [Hq + e) ^^'^ Hq^"^ are uniformly bounded for e > (the second operator can be 

1 /2 

extended from D{Hq ) to the whole Hilbert space by the BLT theorem). We define 



rl/2. 



,-1/2 



(e>0) 



(206) 



Lemma 13. The following is true 



lim 

e-5>+0 



V'ie)-Vf{e) =0 {j = l,...,N) 



(207) 



Proof. Note that w-lime^.+o "P^e) = Vj'^\o) because 



s- lim Ho^^(Ho + e) = 1. 



(208) 



So the lemma would be proved if we can show that Vj(e) form a Cauchy sequence for e — > +0. 
We follow the same recipe as in Lemma [2l It is enough to show that 



(209) 



forms a Cauchy sequence for e — > +0. Repeating the arguments from Lemma [2] we obtain 
for €2 > ei > 



< 



\\V,{e,)-V,{e^)\\ 
[{Ho + 62)^ - (Ho + ei)5} (ifo + e^)-"^Ho + e^)'"^ H'o^'P,{0) 
^HliHo + e.y^Ho + e^r'^PM 
< |e2 - ei|^|e2r^C'o, 



I - 1 I — - 
< |e2 - ei|2 |e2| * 



(210) 



where 



Co := sup 

e>0 



'Ho + e)-^P,{0) 



(211) 



It remains to show that Co in 02111) is finite. Without loss of generality let us set j = 1. We 
have 



Co = sup Wipj + e - A,.J-4 A(0)|| = sup sup ||(e' + e - A,.J-4<^i(e') 



(212) 



That the expression on the rhs of (12121) (the norm is that of L^(]R^^ ^)) is finite easily follows 
from Theorem [6l From ( 12101) it follows that -Dj(e) form a Cauchy sequence for e — )■ +0. □ 
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Consider a hermitian sesquilinear form qj{f,g) = (^H^ f,Vj {Q)Hq g) with the domain 

1 1 

D{Hq) X D{Hq). Let us first show that qj{f,g) is bounded. Using norm-continuity we get 



[mf(0)]^P,(0)i/|/ 



hm 



[mf(e)]^P,-(e)i/|/ 



hm 

e-S>+0 



Due to the cut off through the function 6 in (11741) the expression [mj(e)] ^ ['^f^' 
sense. Recall that we chose e so that > 1/2. Hence, 

[m,(6)]-^[mf(e)]^<2. 

Therefore, we can rewrite (12131) as 

[mf (0)]^P,(0)4/ <2 hm ||ir,(e)4/ll 



2^hmJ|(i7o + e)-^r{,}(//o + e)-^i/oVll <29||(i/o + e)-5i/oVll <2c, 



where 



(213) 
makes 

(214) 

(215) 
(216) 

(217) 



Cj := sup II {Ho + e) 2 V^jy \\ < 00 

e>0 

From ( I216P it follows that |qj(/, (7)1 < 4cj||/|| HgfU. Hence, there exists a self-adjoint operator 
Zj- e ®(L2(M3JV-3)) such that 

q,(/,(7) = (/,2,(7). (218) 

It is easy to check that 

V;{e) := {Ho + e)-'^'z,{Ho + ey'^' (e > 0). (219) 

Lemma 14. Suppose that H defined in [4^^[4W satisfies Rl. Then there exists Aq > 1 
such that cTess(i?(Ao)) = [0, 00), where 

N 

H{X) := Ho + XV + Xj2^i- (220) 

i=l 

Proof. The operator H{X) is self-adjoint on D{Hq) C L^(]R^^~^). Let us prove that 
aess{H{X)) C [0,cx)) is true for some Aq > 1. Let J, G C2(M3Af-3) for s = 1,2,..., AT 



denote the Ruelle-Simon partition of unity, see Definition 3.4 and Proposition 3.5 in 36 1 
and also Q, |37|. One has Jg > 0, = 1 and Js{kx) = Js{x) for A; > 1 and |x| = 1. 



Besides there exists C > such that for i s 

supp Js n {x| |x| > 1} C {x\ |ri — r^l > C|x|}. 



(221) 
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We shall use the following version of the IMS formula [3 

N N 



A = ^ J,J,,AJ,:Js + 2 |VJ,P (222) 



,s'=l s=l 



The previous equation can be obtained from the standard IMS formula (Theorem 3.2 in 



36|) if one notes that iV^ functions JgJs' satisfy J2s s'i'^sJs'Y = 1- With the help of fl222p 
we can write 

N N N 

H{X) = Js [Ho + AV{.} + XZ,] Js+J2Y. JsJs'HsAX)Js'Js + C^+C2 + C^ (223) 

S = l S = l s' = l 



where 



HsAX):=Ho + XV{,,,>} [sy^s') (224) 

N N N 



s=l i=l s=l 
N N I N 

C2 := A ^ ^ I Vss' + + ^-') } (226) 

s=l s'=l i=l 
N N N 

C, := XYYY. J'rnZsJl (227) 

s=l m=l k=l 

By the standard arguments in the proof of the HVZ theorem the lemma would be proved if 
we can show that Ci^2,3 are relatively Hq compact and the operators under the sums in 



are non-negative for some Aq > 1. From the derivation of the HVZ theorem, see [28|, |36| . 
it follows that the operators Ci^2 are relatively Hq compact. To prove the same for C3 it 
suffices to show that J^^s for m 7^ s is relatively Hq compact. Without loosing generality 
we consider only J|Zi. Let G C^(]R+) be such that 0(r) = 1 if r G [0, 1], 0(r) G [0, 1] for 
r G [1, 2] and (j){r) = if r G [2, 00). Then by definition 0i(r) := (f){L~^r), where L > 0. We 
have 

J^Z, = J^M4)Zi + (1 - M4))2u (228) 

where = xl + . . . + Obviously, the operator J^fpLixl) is relatively Hq compact for 

all L > 0. It remains to show that the norm of the second term in (12281) can be made as 
small as pleased by choosing L large enough. Before we estimate this term let us introduce 
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the operator Yi similar to the expression in fll67p . which acts on f{pi,Xr) € L^(]R^^ ^) as 
follows 

Yi{e)f ■=^i{e + pl-Xr)j f{pi,XrW,{e + pl;Xr)d''^-^Xr (229) 

where (p was defined in fllSSp . The Fourier-transformed version we denote as Yi := 
J^{^Yi{e)J^i (the Fourier transform J^i was defined in fl77|) ). By fl219p for any f,g E 

I (/, (1-0^)^1(7)1 = {Hlil-<PL)fM'\0)Hlg) 



lim 



lim 

e-S>+0 



{{Ho + e)Hl - <t>L)f,m^i\e)P,ie)iHo + e)^g) 



K^(e)/,(l-0z.)V'i(e)^?) 



< 



\g\\ sup ||(l-0i)ri(e) 

ee(0,e] 



< 11/11 Ikll sup 11(1 - 0L)^i(e)|| sup ll^i(e) 

ee(0,£] ee(0,£] 



(230) 



where the last two norms are that of L^{R^^-^). Now by Corollary [5] it follows that the 
norm of the second term on the rhs of fl228p can be made as small as pleased by choosing L 
large and, hence, C3 is relatively Hq compact. 

Due to Rl Hss'i^ + u) > and Aq G (1,1 + 0;) ensures that all terms under the double 
sum in (12230 are non-negative operators. Thus to prove the Lemma it remains to show 
that with appropriate Aq > 1 the operator in square brackets in f l223p is non-negative. Or 
equivalently, that for some Aq > 1 there is a sequence e„ — )■ +0 such that 



^^0 + ^oV{s} + Xo2s + en > 0. 



(231) 



We have 



Ho + AV|,| + XZs + e. 



= {Ho + enf' |l - A [ir,(e„) - Vi'\en)] + A(p',(e„) - Vi'^^e^)) } {Ho + enf\ (232) 
where e„ G (0,e). By Lemma [13] for any e > we can choose e„ — )■ +0 such that 



V's{en)-Vi^\e^) 



< 6 



Hence, by (JITTD from (1232]) follows 



Ho + XV{s} + XZs + e„ 
> {Ho + enf^ {1 - X{^ + e)} {Ho + e„)'/'. 



(233) 



(234) 



39 



Setting Xq < (j) + e) ^ makes fl23ip hold. Taking e sufficiently small we ensure that Aq G 
(1,1 + a;). 

The inclusion [0, oo) C aess{H{\)) for all A > is standard and we omit its proof (it is 
not used in other proofs anyway). □ 



Proof of LemmalWi Let us ffist consider e G (0,e]. We can write 



N 



1=1 



where 



N 



(235) 



(236) 



i=l 



If we set A = Hq and B = V + YliLi principle (Theorem [9]) then from fl219p 

and Lemma [m it follows that ae.islQ'ie)) C (— cxo, Aq ^] if e G (0,€]. Now the result follows 



from Lemma [13] and Theorem 9.5 in 



32|. 



□ 



Proof of LemmaUM We shall prove by induction that A^fc(e) G ^ for A; = 1, 2, . . . , A^. We 
make the following induction assumption. Suppose that for A^^. the following holds: (a) 
■Mk G 3; (b) for any s, s' > k + 1 one has AikTls,T^s-Mk,T^s-MkT^s' G 5. Let us ffist show 
that the induction assumption is fulffiled for = 1. That A^i G 5 follows from (11801) and 
Lemma [151 Checking (b) is also straightforward if one applies Lemmas [151 US UHl For 
example, 

TZMiTis' = [JZsPi] [7^l£l7^l] [Pl7^,.] + [7^,Pl] [niCin,,] 

+ [7^,£l7^l] [PiTZs'] {s, s' > 2), (237) 

where we have used PiTZi = TZiPi = TZi- All expressions in square brackets are elements of 
Z according to Lemmas [151 [HI [HI hence, the Ihs of fl237p also belongs to ^ according to 
Lemma [m The implication A; — )• + 1 is proved similarly. The fact that A4k+i G Z follows 
clearly from the induction assumption and Lemmas [151 HQ UHl Let us consider, for example, 
7^,A^fe+l for s > A; + 2. By flTSTD we obtain 



+ 



k+l\ 



T^k+l^k+lTlk+l — \^k+lP-i\ 'Pi [PiP-k+l] 



i=l 



[TZsP, 



fc+ij 



T^k+l^k+l — [P-k+lPi] Pi 



i=l 



+ 



UsCk+iUk+i - [UsPi] Pi [PiU 



fc+lj 



i=l 



40 



Again, according to Lemmas [151 [THl CS] and the induction assumption all expressions in 
square brackets belong to □ 

Lemma 15. Fori ^ j 



sup 

e>0 



ni{Ho + e) 



< oo 



HS 



(238) 



Proof. Without loosing generality we can consider the integral operator C(e) := J^iTZi [Hq + 

use the Jacobi coordinates Xi, . . . ,xn_i and from Fig. [1] one finds 

ri - r2 = 7iXi + 72X2, where 

M 



7i 



72 = - 



_2mi(M - mi)_ 
M — mi — m2 



(239) 
(240) 



2m2(M — mi 

The integral operator C(e) acts on f{pi,Xr) € L^(]R'^^~^) as follows 

(C(e)/)(pi,x,) = 1 C(pi,p;,x„<;e)/(p;,<)(iViC?='^-'<, (241) 
where the integral kernel is 



C{pi,p[,Xr,x'/,e) 



1! 



ipi{e + p^; Xr)'^i{e + p^; x'^) < [1 - /ii(e + Pi)] 2 - 1 



(27r)3/2 

x|t^i2|' (7ibi -Pi))exp{i72(p'i -pi) ■X2}, (242) 

and ipi is expressed through ipi through (IMjl . The hat in (12421) denotes a standard Fourier 
transform in M^. Now we calculate the square of the Hilbert-Schmidt norm 

|2 



\mrHs = I \c{pi,p[,^,e;ef d^p^d^p'^d^'^-'^d'^'-r 

<llClC, [ I[i-^,(e + pl)]-'^ -lyd'p^, 



where Cj, was defined in Corollary [2] and 



Co := (27r) ^ max 



dH 



\\C{e)rHS<riCiCo I (a,^bi|-^-l) d'p. 



(243) 



(244) 



is finite since \vik\2 G L^(]R'^). Using f lSTj) we obtain 



(47r)73CjCo a-'Vi-a;-'e + {l/3)e 



(245) 
□ 
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Another estimate is given by 



Lemma 16. For all 1 < i < j < N and 1 < i < s < N 

TZi {Ho + e) ''^\is {Ho + e) < oo (246) 



sup 

e>0 



HS 



Proof. For s = j the result easily follows from Lemma [151 So without loosing generality it 
suffices to prove that 

sup||Ci(e)l|^5<oo, (247) 

where we define 

Ci(e) ■.= ni{Ho + ey'^\i,{Ho + ey'^'n2. (248) 

By fll7ip we have 

Ci(e) = Pi(e)si(e)(iJo + ey'^\i,{Ho + e)"'/'g2(e)P2(e) 

= Pi(e)02(e)(/^o + ey'^'Qiie)v,s{Ho + e)''^V2(e). (249) 

We can write Ci(e) = C2(e) — C^^e), where 

C2(e) := Pi(e)[g2(e) + 1]{Ho + ey'^'giie)vis{Ho + e)"'^'P2(e), (250) 
Csie) ■.= n,{e){Ho + ey^'\ri{Ho + ey^'^P2{e). (251) 

From Lemma [T^ it easily follows that sup^^Q ||C3(e) H^^^, < oo. Therefore, (12471) reduces to 
proving that 

sup ||C2(e) 11^5 < oo. (252) 

Apart from the sets of coordinates x,,^, depicted in Fig. [1] (left) we shall need the third 
set of coordinates ti, ^2, • ■ ■ , ^Af-i depicted in Fig. [T] (right). Thereby ti = Zi and ^2 = 
A/2/ii3(r3 — ri). The coordinate ts points in the direction from the center of mass of the 
particles {4, 5, . . . , A^} to the center of pass of the particle pair {1,3} and tj = Xj = Zi 
for i > 4. The scales are set so as to make the kinetic energy operator take the form 
Ho = — X] j ■ The coordinates are connected through 

t2 = 622^2 + ^23^3 (253) 

^3 = ^322:2 + h3Z3 (254) 
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where 



J22 



m^lM — 1712) 



(M — mi — m2)(mi + ms) 
mi{M — nil — — ""^3) 



(255) 



(256) 



(mi + m3)(M — rrii — 1112) 
and 632 = 6235 ^33 = —^22- We set hn = 1 and all other entries bik of the 3x3 orthogonal 
matrix b to zero. From the 2x2 matrix in (I74l)-(175l) we can construct the 3x3 orthogonal 
matrix a by setting 033 = 1 and 013 = 023 = CI32 = asi = 0. Then 



i=l 



1,2,3), 



(257) 



where Cj^ are elements of the orthogonal matrix c = ab. 

The full and partial Fourier transforms associated with this set of coordinates have the 
form 

1 



f{ti,...,tN-i)dHi...dHN-i (258) 



(J-,/)(ti,p,„...,p,^,J := / e-'^^-^"P^>'-''^f{ti, . . . ,tN_i)d% . . .dh^.i (259) 

{2tt) 2 J 

The dual Fourier coordinates are Pti,Pt2, ■ ■ ■ iPtN-i- shorter notation we introduce the 
tuples pt^ := {pt2,Pt3, ■ ■ ■ ,PtN-i) and pt^ := {pts,Pu, ■ ■ -^PtM-i)- In analogy with the proof of 
Theorem E] let us introduce the operator Bt{e), which acts on / G L 



2(ja3N~3\ 



as 



Btie)f = F-\l + (pI + e)i)iFJ) + F-\\p,J^ - l)xii\PtMFtf). (260) 

and ( = 3/4 (in fact, we could take any C G (|, 1)). For all e > the operators Bt{e) and 
By^(e) are bounded. Inserting the identity BtB^^ = 1 into fl250p and using [i?(,t>i3] = we 
get 

C2(e) =C4(e)sign(t;i3)C5(e) (261) 

where 



C4(e) :=Pi(e)i02(e)(//o + e) Btie)Qiie)\vi, 



1 1/2 



C,(e) 



\Vl3 



1/2 



{H, + e)-"'B;\e)P2{e 



Now (12521) follows from the inequalities 



sup ||C4(e)||//5 < cx), 
sup ||C5(e) II < 00. 

e>0 



(262) 
(263) 

(264) 
(265) 
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By construction of coordinates ri — = 71X1 + 73X2 + 73X3, where 71 was defined in fl239p 
and 



72 



7712 



73 



2(M - mi)(M - mi - ma) 

_ 1 

M — mi — 1712 — rn3 



(266) 
(267) 



2m^(M — mi — ma) 

Let us first consider the operator C/i{e) := J-'iC4(e)J-'f ^, which acts on /(pi, Xr) G L^(M^^~^) 



as follows 



(C4(e)/)(pi,x^) = y Ci{pi,Pi,Xr,x'^;e)f{pi,x[.)d'^Pid^^ V 
whereby the integral kernel is (c. f. eq. (I242p ) 



(268) 



C4{pi,p'i,Xr,x[; e 



7? 



;^i{e + pl;XrWi{pi,x[.) |[1 -/ii(e + p2)] I _ i| 



(27r)3/2 

x|^i3|'(7i(Pi -Pi))exp{i(p; -pi) ■ (723^2 + 733^3)} 
In (12691) we have introduced the function ip'-^ = J^iFi^-iJj'^, where 

i>'i = 0iie + pl,pr) [l-/i2(e + p?J]"^ [pI+pI + ^Y' 
X {1 + (pI + ef^ + ilptj'^ - l)Xi{\ptJ) 

and in (12701) one has to substitute pt^ = aupi + 012^2 and 



(269) 



(270) 



N-l 



Pt. 



p1 + (C31P1 + C32P2 + C33P3)' 



(271) 



i=4 



Repeating the arguments in Lemma [15] we obtain 



C4(e)||^/5< (47r)7fC^,Co a'^ - a^'^e + {1/3)6 



(272) 



where by definition 



C^, = sup sup / \'iIj'i{pi, Xr)\^ d^^ ^ 



Xr = sup sup 

e>0 pie]R3 



-^[{PuPr) 



e>0 pieRS 

To further estimate the expression in (12731) we use the inequality 



(273) 



l + (p?,+e)' + (biJ^-l)Xi(b*J) 

pI + pI + pI + e 



< 



ipi+^y-^ 



(274) 
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Let us check for \ptj < 1. By ffT26D 

pI + pI + pI + e - pI + pI + e " {pi + e)i-? 
Similarly, one proves that holds for \ptj > 1. Substituting fl27D . f lTTU]) into (17751) and 

using that pi+ pf. = p\ + p\ + p?^ we obtain the estimate 

Cj, <4supsup ! \^,{e + p\■pr)\\l~^^2{e + pl)]-\pl+ef-'d'''-'pr 

< 4a" Sup sup I \^i{e + pl;pr)\^ [e + {aiipi + ai2P2f] "^^^ d^^'^pr 

< 4a^Sup sup sup / |<^i(e + [e + (-5 + ai2P2)^] 

<4a;i sup sup / |^i(e;p,)|'[e' + (s + ai2P2)T'''^^''^"V, (276) 

0<e'<eseIR3 J 

where we have used (I5T1) . For = 3/4 the expression on the rhs of fl276p is finite due to 
Theorem [6l It remains to prove (12651) . Like in Corollary [3] let us define ri2{e; tr) G L^(]R'^^~^) 
as 

V2{e;tr) := M-2{-At^ + ey^B-\e)ip2ie). (277) 
In m7\f we use the inverse of Bt{e) G ^{L^{E:^^-^)), which acts on / G L2(M3iv-6) 

5,(e)/ = (1 + ei)f + JT^dptJ^ - l)xi{\PtMJ'tf)- (278) 

and C = 3/4. Eq. fl277p is equivalent to the expression fll44p corresponding to the subsystem 
^2 (though Bt{e) and Bi2{e) are defined using different coordinates, they are, in fact, equal. 



see the discussion around Eq. (8), (9) in [l6|). Then the operator FtC5{e)F^ ^ acts on 
f{Ph,Ptr) e L2(M3Af-3) follows 

(FA(e)FrVl(p*„P*J = V*2{pI + e;Pu) J UpI + e-p'Jf{pt,,p[y-y,^, (279) 
where ?72(e) = J^tV^i^), = J^t'^i^)- Now it is trivial to show that 



|C5(e)f <sup sup / |r/2(Pti +e;Pij|^rf^ 

':>0 PtiSlRS J 



e>0 



Pt. =sup / |r/2(e;t,)|'rf3^'%. (280) 



The rhs in ( 1280p is finite due to Corollary [3l □ 

Note that in the expression fll67p for the operator Pi the function ipi{e + pl;Pr) depends 
also on pi through its first argument. This is a source of trouble when one attempts to prove, 
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for example, that sup^^Q \\Pi{e)P2{e)\\Hs < oo. Therefore, in the expression for Pj it makes 
sense to approximate 0j by a function, which is piecewise constant in the first argument. 
Namely, for e G (0,e], n G Z+ and = 1, . . . , n — 1 let us define P[^\t,n) as an operator, 
which acts on f{pi,Pr) G L'^{M.^^~^) as follows 



(281) 







if Pi + e ^ (efc, efc+i] 



where := ken ^. We define P[^\e,n) := ^P\^\e,n)Fi. Similarly, using appropriate 
coordinates one defines ^(e, n), ^(e, n) for j = 1, . . . , iV. 

Lemma 17. T/ie following approximation formulas hold for j, s = 1, . . . , N 

: o{l/n) (282) 



1 p(fc)/ 



sup 

ee(0,€] 



n-1 



sup 

ee(0,£] 



k=l 

n-1 

Qs{e)P,{e)~Y.5^('K\'^'' 



k=l 



o(l/n) (j ^ s) 



(283) 



Proof. Without loosing generality we set j = 1 and s = 2. Generally, suppose /, h, g, g' G Ti, 
where ||/|| = \\h\\ = 1 and "H denotes some Hilbert space. Then the norm of the difference 
of projections can be trivially estimated as 



and, consequently. 
Using (12851) we get 



\g{f,-)-9'{h,-)\\ < + 



||/(/,-)-M/^,-)ll<2||/-/.||. 



(284) 



(285) 



sup 

ee(0,e] 



n-1 



Me)-J2Pi'\e,n) 



k=l 



< 2 sup sup sup \\(fi{pl + e)-(fi{ek) 

ee(0,£] k=l,...,n pl(z[^^_e,ek + i-e) 



<2 sup \\ipi{e') - ipi{e)\\ = o{n ^) 

|e'-e|<en-i 



(286) 



due to fll47p . The norms on the rhs in (12861) are that of L^(]R^^ ^). For the second approx- 
imation formula using (I284p we get 



sup 

eG(0,e] 



n-1 



52{e)P^{e)-J2d2ie)Pi'\e, 



n] 



k=l 



< sup 

ee(0,£] 



n-1 



(02(e) + l)Pi(e)- 5^ (02(e) + l)P^'^H6,n) 

k=l 



+ o[n 



(287) 



46 



sup 

^e(o,€] 



sup sup sup 

eG(0,£] k=l,...,npje[e^:-€,e,,+i-e) 



+ sup sup sup 



< 



where g2(e) := -Fi02(e)-^i ^ Using f ll69p and (l7Tll- (l72l) we estimate the last term as follows 

n-l 

(02(6) + l)A(e)- 5^ (02(e) + l)Pf)(6,n) 

k=l 

[1 - /i2(e + (aiiPi + ai2P2)^)] ' {0i{Pi + e) - 0i{^k)) 
[1 - /i2(e + (aiipi + ai2P2)^)] ' 0i{pI + e) 
^i(P? + e) -<^i(efc)ll 



X sup sup sup 

e6{0,e] k=l,...,n pji^le^-e,ek+i-e) 



Now applying (15111 we continue the last line as 



sup sup sup 11^2(5, e")(v9i(e') - Lpi{e))\ 

|e-£'|<£n-i e">0sGM3 



+0^2^ tt/, 2 <( sup sup sup 11^2(5, e')v3i(e) II > x <^ sup - V^Ue 

ee(0,£] e'>0 SGM3 I I |e'_e|<en-l 



o(n 



where we have used Theorem [6l Corollary H] and fll47p . 



(28^ 



(289) 



□ 



It remains to prove 



Lemma 18. TZiPj, PiPj G Z for i j. 



Proof. Without loosing generahty it suffices to prove 7I1P2 € ^. By Lemma [T71 it is enough 
to prove that 



sup 

e>0 



P^\e,n){g,{e) + l)P^'\e, 



n 



< 00 



sup 

e>0 



p'^\e,n)Pr{e.n 



(k), 



HS 
< 00 



HS 



for any given i, k = 1, . . . ,n — 1 and n G Z+. We shall consider only 
analogously. Eq. f l290p follows from the inequality 



(290) 
(291) 

, fl^gr]) is proved 



sup WClCrWjjs < 00 



e>0 



(292) 



where Cl = FiP^\e., n) (01(e) + 1)F^ ^ and Cr = FiP^\e., n)F^ ^ are integral operators with 
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the kernels 



Cl(pi,P2,Pc;p'i,P2,Pc) = 0iiei,P2,Pc) [l - fiiie + pj)]"^ X(.,,.,+i](|Pi|)<^i(ei,P2,Pc) 

x5ipi-p[) (293) 

CRiPl,P2,Pc;p'l,P2,P'c) = ^lif^k, a2lPl + a22P2,Pc)^2iek,a2lp[ + 022^2, Pc) 

xX(efc,efc+i](|«iiPi + ai2P2|)^(aiiPi + ai2P2 - aup[ - 012^2) (294) 

where Xfi • ^ is the characteristic function of the interval C M. 
Let us define the function : x — > C as 

D{p2,q2)-= j 0i{ei;p2,Pc)<^*2{ek;q2,Pc)d^^~^Pc- (295) 
By the Cauchy-Schwarz inequahty 

\Dip2,q2)\'<PiiP2)p2iq2), (296) 

where 

Pi(P2) := j |<^i(e,;p2,Pc)|V^-V (297) 

P2(g2):= y"|^2(efc;g2,Pc)|V^"V, (298) 

and by normalization 

'' Pi{z)dPz = j p2{z)d^z = l. (299) 
A straightforward calculation shows that the kernel of the product ClCr has the form 

{ClCr){pi,P2,Pc,p'i,p'2,p'c) = \ai2\'^Vi{^i,P2,Pc) [1 -Pi(e + P?)] ' 

xD{a^2 0'ii{p[ - pi) + P2, a2ipi + a22ai2aii{p\ - pi) + 022^2) 

x^2(efc,a2ip'i + 022^2, Pc)X(efe,.fc+i](|aiip'i + 012^2!) (300) 



Using (I296p . (I299p and (!5T|) the square of the Hilbert-Schmidt norm can be estimated as 
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|ai2| 



follows 

WClCrWIs = J \{CLCn){p,,p2.VcA,V2.Pc)t d'p,d^P2d^ 

xpi {a^2(^n{pi - pi) + P2)p2 {a2iPi + a22ar2^aii(Pi - Pi) + 022^2) 
x\02{ek,a2ip[ + a22p'2,p'c)\'^ = \o-i2\~^%^ j (i^Plrf^P2C?VlC?V2 + Pi] ~ Vi fe) 
xpi {a{20'ii{p\ - pi) + P2)p2 (021^1 + ci22a'i2 0'ii{Pi - Pi) + 022^2)^2(021^1 + 022^2) 

d^pid^p\d^p'2 [e + pi] Vi {a'120'ii {p'l - Pi) + p'2) 
XP2 (012^(^1 - Pi) + a2ip'i + a22P2)p2 (a2iPi + ^22^2) , (301) 
where we have used the relation 011022 — Oi2'32i = 1- Now we make the change of variables 

6 := 072^011 (p'l - Pi) + P2 (302) 
^2 := ar2^(Pi - Pi) + ct2iPi + a22P2 (303) 
^3 := a2iPi + a22P2 (304) 

The inverse transformation has the form 

Pi = -021^0226 + ^21^6 (305) 

p'l = -(hi(^22ii + a2i"^a22aii6 - ^12^3 (306) 

P2 = 6 - 0-11^2 + flii^s (307) 

This gives 

\\CLCR\\ls<M-''\ci2i\-^%' j rf'6rf'6Pi(6)P2(6){e + «2i'(6-a22ei)'}"' (308) 

< |ai2r>2i|a;^ sup sup / ci'6P2(6) {e + (6 + s)'}^' (309) 

That the rhs is finite follows from Theorem [61 □ 



leorem [3] does not apply to the three- 
's], . For simplicity let us assume that 



In conclusion, let us explain why the proof of 
particle case, where the Efimov effect is possible {4 
the pair-interactions are bounded and finite range, particle pairs {2, 3} and {1, 3} have zero 
energy resonances and fi2 = 0. Theorem |5] applies in this case as well but instead of ( 151]) 
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one has 1 — /i(e) = a^y/e + 0{e), see [3J| or [39| (this makes the operators TZj defined in fll7ip 
less singular compared to the case of Theorem [3)). Lemma [TO] and Theorem [7] apply without 
change. However, in case = 3 the proof of Theorem [3] breaks down because Ai^ ^ 
Indeed, from definition in Theorem [7] it follows that A^3 = A^2; while the expression for 
2 contains the term IZ1L1IZ2 + IZ2L1IZ1 = 7^im27^2 + 7^2tTi27^i- Following the analysis in 
{4, 9 1 one can show that for e — )■ +0 the eigenvalues of the last operator accumulate at the 
point lying in the interval (1, 00), which implies that Ai^ ^ 



Appendix A: The Birman Schwinger Principle 



The Birman-Schwinger (BS) principle was first independently formulated in [40|, |4l|] and 
since then remains an indispensable tool of counting the eigenvalues of Schrodinger operators, 
see f. e. 
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43, 



48| . The form of the BS operator that we use here is unconventional, 
and it appears useful to reprove some standard statements. So suppose A > is a self- 
adjoint operator and S is a symmetric operator on a separable Hilbert space "H, where 
D(A^) C D{B). (Note, that we do not require B being positive as it is usually done in the 
proofs of the BS principle). It follows immediately that B{A + e)^^^"^ G 23(7/) for all e > 0. 
Indeed, 

B{A + e)~^'^ = B{A + e)-^'\ (Al) 

where B = [B*Y is a closure of -B. It is easy to see that the operator on the rhs of (lAll) is a 
closed operator defined on the whole "H, hence, it is bounded by the closed graph theorem. 
It follows that {A + e)-^/^B e ^{H) as well. 

Remark. Suppose that A > 0, i? are self-adjoint operators with domains D{A)^ D{B) re- 
spectively. If II (A + eo)^^/^-B/|| for some cq > is uniformly bounded for all / G D(B) 
then D{A^) C D{B). Indeed, suppose g G D{{A + eo)^) = D{A^). Then \ig,Bf)\ = 
I (^{A+eo)g, (A+eo)^^^^-^/) | is uniformly bounded for all / G D(B), which by self-adjointness 
of B means that g G D{B). 

Let us define the BS operator K : M+/{0} <B(H) as 

K{e):=-{A + e)-^'^B{A + e)-^'^ (^ > 0), (A2) 



where K{e) is, clearly, self-adjoint. 
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We shall consider two cases: in the first case the BS principle is formulated in form of an 
inequality (Theorem |8]) and in the second case one has an exact equality (Theorem [9]). 

Theorem 8. Let A > be a self-adjoint operator and B a symmetric operator such that 
D{A'i) C D{B). Suppose A + B is self-adjoint on D{A) and has n eigenvalues (counting 
multiplicities) lying in the interval (— oo, —Eq), where sq > 0. Then #(evs {K{eo)) > 1) > n. 

Proof. By conditions of the theorem there are < ei < £2 < . . . and orthonormal 0-"'''' G 
D{A) for i = 1, . . . , s and jj = 1, . . . , such that 

(A + 5)0?) = -(£0 + (j, = l,...,m,; t = l,...,s). (A3) 

The number rrii is the geometric multiplicity of the eigenvalue — (^o + ^i) in flASP and 
Yli=i ~ ^- Rearranging the terms in (]A3|) and acting on both sides by {A + Eq)^^ (where 
clearly Ker {A + Sq)^^ = {0}) we obtain that —{A + eo)^^{B + e^) for each i = 1, . . . , s has 
an eigenvalue equal to 1 with the multiplicity larger or equal to rrii. In fact, it is exactly 
equal to rrii. Indeed, suppose 

-iA + 6oyHA + ^orHB + ei)^ = ^, (A4) 

for some G "H. Since {A + eo)~^B is bounded from ( lA4p it follows that G D{A^) and 
G D{B). Then by G D{A) and {A + B)<p = -{eq + ei)0. 
Let us introduce the operator function M : M — )■ D3(iJ), where 

M(r) :=K{eo)-r{A + eo)-\ (A5) 

Jsing the well-known fact that a{CD)/{0} = cr{DC)/ {0} for any bounded C,D (see f. e. 



491]) we conclude that 1 is an eigenvalue of M(ej) with the multiplicity rrii for i = 1, . . . ,s. 

We can assume that aess{K{eo)) fl (1, 00) = 0, otherwise the theorem is proved. By the 
inequality M(r) < K^Eq) for r > we conclude that aess{M{r)) fl (1, 00) = for r > 0. The 
operator M{es) has an eigenvalue equal to 1 with the multiplicity m^. On one hand, M(es_i) 



On the other hand, by the min-max 
and the inequality M(es_i) < M{es) 



has an eigenvalue equal to 1 with the multiplicity 
principle for eigenvalues (Vol. 1, Theorem XIII. 1 in 
the operator M{es-i) has rris eigenvalues (counting multiplicities), which are strictly larger 
than 1. Thus #(evs (M(es_i)) > 1) > + m^^i. Similarly, #(evs (M(e,_2)) > 1) > 
rris + ms_i + ms_2. Proceeding in the same way we find that M(0) = K{eQ) has at least 
n = mi + ■ ■ ■ + ms eigenvalues (counting multiplicities), which are strictly larger than 1. □ 
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The proof of the next theorem largely repeats that of Proposition 2.2 in 35 1. 



Theorem 9. Let A > be a self-adjoint operator and B a symmetric operator such that 
D{A'2) C D{B). Suppose that A + ^,B is self-adjoint on D{A) for all fi G [0,1] and 
aess{A + B) n (-00,0) = 0. Then: (a) aess{K{e)) n (l,oo) = for all e > 0; (b) ifA + B 
has n eigenvalues counting multiplicities in the interval (— oo, —sq) for > then K{6o) 
has exactly n eigenvalues counting multiplicities in the interval (l,oo). 



Proof. Note 



;hat by the min-max principle (Tess{A + fiB) fl (— oo,0) = for /i G (0,1]. 



Following [35| we write 

A + fxB-z = fx{A-z)[fi-^ + {A-z)-^B] {z < 0) (A6) 

First, we show that z G cr(A + fiB^ if and only if G cr(fC(— 2)). Or 

z ^a{A + fiB) ^ fi-' ^a{K{-z)), (A7) 

which is the same. Indeed, if /i^^ ^ a(^K(—z)) or equivalently /i^^ ^ cr((^ ~ then 
by ( ]A6p the operator A + ^B — z has a bounded inverse. Conversely, if 2; ^ cr(A + fiB^ then 

[^-^ + {A- z)-^B]'^ = [A + fiB - zy\A - z) (A8) 

The operator on the rhs is bounded because D(A + fiB) = D{A), see f. e. Lemma 6.2 



m 



281 ] and the remark after Proposition 2.2 in 35|. Therefore, /i^^ ^ cr((^ ~ 
equivalently, /i^^ ^ cr(-ft'(— 2;)) . 

Now let us fix 2:0 < and prove that aess{K{—Zo)) fl (l,oo) = 0. By contradiction, 
suppose that /io < 1 is such that yUg^ G aess{K{—zo)) . By the established equivalence 
zq G a(^A +_UoB) is an eigenvalue. Because negative eigenvalues of A + jiB are strictly 
monotonic 33| in the point /ig ^ must be an isolated point of the spectrum of K{—zq). 
Since G aess{K{—ZQ)) by the spectral theorem it can only be an infinitely degenerate 
eigenvalue. Thus there is an orthonormal set y^j, i = 1, 2, . . . such that fiQK{~zo)(pi = ipi. 
It follows that ipi G D{j^A — zq)^^^)- The vectors (pi := {A — ZQ)~^/'^Lpi form a linearly 
independent set and (pi G D{A). Acting on both sides of the equation fioK{—zo)ipi = ipi 
with {A — zoY^'^ gives —fio{A — z^Y^Bipi = (pi. Acting on both sides of this equation with 
{A — zq) we see that the degeneracy of /Iq ^ as an eigenvalue of K{—zq) does not exceed 
the degeneracy of Zq as an eigenvalue oi A + fJ^oB. Therefore, in the interval (l,C)o) the 
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spectrum of K{—zo) can contain only eigenvalues of finite multiplicity and (a) is proved. 
Let us prove (b). Suppose K{eo) in the interval (l,oo) has uq eigenvalues. By Theorem [8] 
(b) would be proved if we can show that A + B has at least Uq eigenvalues in the interval 
(—00, —Eq). Let us choose 5 > so that uq eigenvalues of K{eQ) are larger than 1 + 6. Due 

to (a) (Jess 

(M(r)) n (1, cx)) = for r > 0, where M(r) was defined in (lASp . Let us set 

/ifc(r) := inf sup (^/^, M(r)^) (A9) 

■4>(i[4>i,...,(t>k-i\^ 

Clearly, yUi(O), . . . /ino(O) € (1 + c>o) are eigenvalues of -ft'(eo). For each = 1, . . . , tt-q the 
function Hkij) is continuous and on the set ]R_|_ fl {r|yUfc(r) G [1 + 5/4, 00)} it is also monotone 
decreasing. Using Lemma [T9l it is easy to show that /Ufc(L) < 1 + 5/2 for L large enough. 
Therefore, we conclude that there exist ei < ■ ■ ■ < and the vectors tpf''' such that 

M{ei)^^ = {i + ^^'^ (z = l,...,s; = l,...,m,) (AlO) 

and mi + ■ ■ ■ + = no- For each i = 1, . . . , s the vectors . . . , V^^'"''' are orthonormal. 
Again, we set ipf''^ := {A + eQ)~^^'^(pf'^^ , where (^p*'' G -D(A) and for each i the vectors 
(pf\ . . . , form a linearly independent set. From (lAlOp it follows that 

[(1 + 6) A + 5] = [-£0 - feo - (z = 1, . . . , s; = 1, . . . , m,) (All) 

Hence, the operator (1 + 5)A + B has at least no eigenvalues in the interval (—00, — ^o)- The 
same is true for A + 5 due to A + 5 < (1 + 5) A + B. □ 

Remark. Suppose that A,Be ® ("H) are self-adjoint operators such that A is bounded from 
below by a positive constant and cress{A + B) n (— oo,0) = 0. One can define a bounded 
self-adjoint operator K(0) := A^^^'^BA^^^'^ . The proof of Theorem [9] can be easily utilized 
to prove the following statement: (a) cress{K{0)) fl (1, 00) = 0; (b) if A + B has n eigenvalues 
counting multiplicities lying in the interval (—00, 0) then K{0) has exactly n eigenvalues 
counting multiplicities in the interval (1, 00). 

Lemma 19. Suppose / G "H and A > is a self-adjoint operator acting in "H with domain 
D{A) . Then for any given c,eo>0 one can find L > such that f{f, ■) — L{A + eo)~^ < c. 

Proof. Without loosing generality we can set ||/|| = 1. Let Pq denote the spectral projections 
of the operator A. Using that s-lim^^oo ^[o,k] = 1 we can set /cq > so that ||/ — f'\\ < c/2, 
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where /' = Pp,,,,]/. Then ||/(/, •) - /'(/', ■)\\ < c and we get 



/(/, ■) - LiA + So)-' < c + P[o,fco] (/'(/', ■) - LiA + 6o)-')F[o,ko] 
< C + P[o,feo] (/'(/', ■) - Liko + £o)'')P[0,fco] < c, 



(A12) 



(A13) 



where we set L = 2{ko + Eq). 
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